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Foreword

The purpose of this set of Lecture Notes is to offer a common reference for reviewing the
fundamental knowledge of Mathematics required to be able to start the modules of the MSc
Quantitative Finance with good pace.
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Useful Notation

Some important symbols we will use during the course are presented in the following table.

Table 1: Miscellaneous notation

Symbol Meaning

€ is a element of (set membership)
= if and only if
ERE)) There exists (does not exist)

N set of the natural numbers

R set of real numbers

C set of complex numbers

0 partial derivative

U the union of (set-theoretic union)

n the intersection of (set-theoretic intersection)
00 infinity

A Difference operator

r € A: x is an element of set A.

A <= B means A is true if B is true and A is false if B is false.
In € N:n is even.

{1,2,3,... }.

3.1416 € R.

i=+-1€eC.

If f(x,y) = 22y, then 0f/0x = 2xy.

A U B means the set of those elements which are

either in A, or in B, or in both.

AN B means the set that contains all those elements that
A and B have in common.

oo is an element of the extended number line that is greater
than all real numbers; it often occurs in limits.

Greek capital letter ‘delta’ - used in mathematics to denote
a difference and/or increment.

Intervals are sections of the real line, for example, ‘all numbers between 0 and 1’. According
to whether the endpoints of the interval are included or not, we have closed, semi-closed and
open intervals. The notation is set out in Table 2.

Table 2: Interval notation

Standard notation

Interval notation

a<z<b
a<x<b
a<x<b
a<zr<b
a<x
x<b

x € a, b closed interval

x € (a, b semi-closed interval
x € [a,b) semi-closed interval
x € (a,b) open interval

x € [a,00) semi-closed interval
x € (—o0,b) open interval

Useful Mathematical Constants

1. The constant 7 (pi) has a natural definition in Euclidean geometry as the ratio between
the circumference and diameter of a circle (or, equivalently, the circumference of the circle
with unit diameter), but may be found in many areas of mathematics: for example, in the
definition of the normal and the Cauchy distributions in statistics.

The numeric value of 7 is approximately 3.1416. Higher precision is allowed by standard
packages such as Excel, Matlab, Stata.

2. Euler’s number e, also known as the exponential growth constant, appears in many areas
of mathematics, such as statistics in which it is used to define a number of distributions
(for example, the normal, and the exponential one) and useful functions linked to these
distributions like the moment generating function and the characteristic functions. These
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find important applications in finance too. One possible definition of e is the value of the

following expression.
1 n
e = lim <1 + > .
n— 00 n

A direct application of e in finance traces back to the Swiss mathematician Jacob Bernoulli,
who discovered that e arises in compound interest.

The numeric value of e is approximately 2.7183. Higher precision is allowed by standard
packages such as Excel, Matlab, Stata.

3. The imaginary unit or unit imaginary number, denoted as i, is a quantity such that i2 =
—1. The term “imaginary” is used because there is no real number having a negative
square. It is a mathematical concept which extends the set of real numbers R to the
so-called complex plane C, which in turn provides at least one root for every polynomial
P(z). The fundamental application in finance of this constant is in the definition of
characteristic function and its counterpart known as the Fourier transform. These are
extremely important tools in modern quantitative and computational finance.

4. Pythagoras’ constant is the square root of 2, often known as root 2, radical 2. It is
written as v/2 and is the positive algebraic number that, when multiplied by itself, gives
the number 2. /2 is the length of a diagonal across a square with sides of one unit of
length, and therefore it follows from the Pythagorean theorem. It is fairly ubiquitous and
the first number known to be irrational.

The numeric value of v/2 is approximately 1.4142. Higher precision is allowed by standard
packages such as Excel, Matlab, Stata.

There are more important constants in mathematics (for example ¢, known as the most beautiful
number because it represents the ‘golden ratio’ in biology, art and... everywhere), however the
ones listed above are the ones we will meet more frequently in finance related applications.
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Advanced Calculus



1 Calculus in 1 variable

1.1 Functions

Functions arise whenever one quantity depends on another.

Example 1 Consider investing £100 in the bank at the rate 2% per annum for two years. The
bank offers to pay interest either quarterly or every semester. If it pays quarterly, i.e. four times
a year, the value V if this investment (with compound interest) is

0.02\ 42
V = 100 x (1 + 4> = 104.0707

i.e. £104.0707. If instead the banks pays interest every six months, i.e. twice a year, the value

1S

0.02) 2*2
V =100 x <1 + 2) — 104.0406.

The previous example describes a rule by which given a number (payment frequency), another
number (value of the investment in 2 years) is assigned.

Definition 1 A function f is a rule that assigns to each element x in a set X exactly one
element, called f(x), in a set Y. The set X is called the domain of f, the set Y is called the
range of f, and x is the independent variable.

Example 2 1. Consider the function f(z) = v/x + 2. Then, z is the independent variable.
Further, the square root is defined only for non-negative arguments, thus x + 2 > 0, and

returns non-negative numbers. This implies X = {z : z > -2} = [-2,400), and for
y=f(x),Y={y:y>0}=[0,+00).
2. Consider the function f(z) = ﬁ Then, x is the independent variable. Further, the

fraction is defined only if the denominator is different from zero, thus x # 0 and z # 1.
This implies X = {z : z # 0,2 # 1} = (—00,0) U (0,1) U (1,400), and for y = f(x),
Y ={y:yeR} =(—o00,+0).

3. Let us consider Example 1 again. If we consider the number of times payments are made
per year, say m, as our independent variable, then the value V in ¢ years of a principal
amount P invested at the rate of interest r is

V:P(1+%>mt.

Thus, V = f(m), with f described above. The domain X is the set of the integer numbers,
ie. X ={1,2,3,...}; the range is the set of all positive numbers, i.e. Y = {y > 0}. The
quantities P, r,t are the parameters of the function. The function V is plotted in Figure
1.

The remaining of this section is organized as follows. We first study functions commonly
used on a day-to-day basis, keeping a keen eye on the ones of particular relevance for financial
application. Then, we aim to learn how to get to know these functions better as to understand
for example if a given choice of a function works for our purposes, if the plot we are looking at
really corresponds the given mathematical expression, and also how to compute some related
key quantities such as the maximum value, or to understand the behaviour of the function for
very large values.



104.08

104.075 |

104.07 - /

104.065 /

104.06

104.055

Valueof investment, V'

10405 |

104045 -

10404 l‘l 1 | 1 1 | 1 1 | 1 |
1 2 3 4 5 6 7 8 9 0 11 12

N. payments per year, m

Figure 1: Compound interest from Example 1. Parameter set: P = 100; t = 2 years; r = 2% p.a.

1.2 A catalogue of useful functions
1.2.1 Linear functions

Linear functions have the general form
flz)=a+bx

with a a real number denoting the so-called intercept, and b a real number denoting the slope
of the line, as illustrated in Figure 2.
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Figure 2: Linear function: y = f(z) with f(z) = a + bxz. Intercept and slope. Right hand side panel:
a = 2,b = 3; left hand side panel: a =4,b = —2.
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Example 3 1. Consider the function f(z) = x. The intercept is a = 0, which means that
the line passes through the origin of the Cartesian axes. The slope is 1. Then, for each
value of x that we choose, we obtain a value, say y, which is identical to . This is why

this function is also called the identity function. It is represented in blue colour in Figure
3.

2. Consider the function f(z) = 2+ x. The intercept is @ = 2, which means that when x = 0,
y = f(0) = 2. The slope is still 1. Then, for each value of x that we choose, we obtain a
value, say y, which is equal to z augmented by the value 2. This is a parallel shift for the
identity function as also shown in Figure 3 (red colour).

3. Consider the function f(z) = 2 4 3z. The intercept is a = 2, which means that, like in
the previous case, that when x = 0, y = f(0) = 2. The slope is now 3. Then, for each
value of = that we choose, we obtain a value, say y, which is 3 times x, augmented by 2.
This rescaling of the slope leads to a rotation of the line compared to the previous case,
as shown in Figure 3 (magenta colour).

Figure 3: Linear functions: some examples. Blue line: f(x) = x - the identity function. Red line:
f(x) =2+ x. Magenta line: f(x) =2+ 3.

In the previous examples, we are given the linear function, in the sense that both intercept and
slope are known. At times, though, all we know is a couple of points that go through the line.
How can we determine the intercept and the slope in this situation?

Suppose we know that for x = 0, y = ¢ and that for x = Z, y = . Consider the general form
of the linear function, i.e.

y = f(z) =a+ bx.

Let’s use the information available and substitute in the linear function. Thus, the pair (z =
0,y = q) returns

q= f(0) =a,
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therefore a = ¢. Similarly, the pair (z = Z,y = g) returns

We can generalize this to any two points on the plane with coordinates (x = Z1,y = ¥1) and
(x = To,y = ¥2). We obtain
1 = a+bx
Yo = a+ bxo.
Rearrange the above system of equations to obtain
a = ¥y —br
a = Yo — bxa,
which implies
g1 —bx1 = yo — by
and therefore _
Y2 — Y1
b= "2,
T2 — T1
Substitute back in, for example, a = y; — bZ; to obtain a and then plug in into the linear
equation. Then your linear function reads

_ Yo — Y _
y=y1+‘1,/ %1(x—a:1).
T2 — I

(The same result is achieved by obtaining a from a = g, — bZs.)

Example 4 Consider the points (z1,71) = (1,5) and (Z2,72) = (3,11). The line passing
through these two points then has slope

11-5 6
b: = — = 9.
3—-1 2 3

Then the linear function in our example is y =5+ 3 x (x — 1), i.e. y =2+ 3z.

The reason why we want to look into this result is to understand the meaning of the slope
coefficient b. A graphical illustration can help, so we refer to Figure 4. This shows that the
quantity 72 —g1 is the distance measured on the y-axis between the vertical coordinates of the two
given points, i.e. the segment AB. Let us denote this distance Ay, i.e. Ay = ¢o — ¢1. Similarly
the quantity Ax = Zs — Z1 is the distance measured on the z-axis between the horizontal
coordinates of the two given points, i.e. the segment OB. Thus, the formula

po B2 Ay
To — X1 Az

is telling us that the slope of the linear function is given by the ratio between the distance AB
and the distance OB. You can interpret these distances as increments, i.e. AB represents the
increment between ¢; and %9, i.e. Ay, and similarly OB represents the increment between Z;
and Zo, i.e. Az. So, the slope coefficient b is a ratio between the increment on the y-axis and
the increment on the z-axis. For this reason, from now on we refer to the slope coefficient as
the incremental ratio (or differential quotient). This concept will be very important when we
define the derivative of a generic function f.
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Figure 4: A line across two points O = (Z1, 1) and A = (T, §2): the function y = 2 + 3z.

1.2.2 Polynomial functions

Polynomial functions can be considered as a generalization of the linear function and are defined
as

f(z) = apa™ + an_12" L + - + agz? + a1z + ag
for n integer; the quantities a, ..., a, are the coefficients of the polynomial, a¢ is the intercept.

The coefficient a,, is the so-called leading coefficient as it tells us the degree of the polynomial,
ie. n.

Example 5 1. If n = 1, then we have the linear function, say for example that ag = 2 and
a1 = 3 then
y =3z + 2.

This is a polynomial of degree 1.
2. If n = 2, we have a quadratic function, or parabola, say for example that ag = 2,a1 = 3

and as = 1, then
y:x2—|—3x+2.

This is a polynomial of degree 2.

3. If n = 3, we have a cubic function, say for example that ag = 2,41 = 3,a2 = 1 and
az = 1/2, then

L 3 9
y=37 +z° 4 3z + 2.

This is a polynomial of degree 3.
These functions are shown in Figure 5.

Some special polynomials are
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y=i2t+ 27 +3x+

y=2>+3z+2

Figure 5: Polynomial functions from Example 5.

1. y=(a+2)*=a®+ 2ax + 22,
2. y=(a+z)® = a3+ 3a%z + 3ax? + 23,

3. and the more general y = (a + x)", for n integer. The explicit expression is given by the
binomial theorem which says that for any n integer

n! n! n! n!

n__ .n n—1 2,n—2, . n—2,2 n—1 n
(a+x)" =z +1!(n_1)!ax +2!(n_2)!a:c + +(n_2)!2!a x+(n—1)!1!a z+a".
This can be written in a compact form as

n __ . n! k_n—k 1
(a+ x) _kzokz!(n—k:)!ax (1)

with the symbol n! (read ‘n factorial’) defined as

nl=nn—1)x(n—-2)x---x2x1
that is the product of the first n integer numbers, and 0! = 1 by convention (so, for example
11=1,21=2x1=2,3=3x2x1=06 and so on). All special polynomials listed above

can be expressed in this form. For example, let us consider the polynomial (a + x)?, then
the general formula states that

(a+ x)2 = 22: 72! akg?=F
_k:O K2 —k)! '

To compute each term we follow these steps. First: compute the addendum for each value



of k=0,1,2, i.e.

2! 2
Set k= O,then mdkiﬂz k = 1= 20,0332 = ;‘C2.
2! k 2k 2 11
Setkzl,thenmax :1><1a$ = 2ax
2! k. 2—k 2 2.0 2
Setk:2,thenmax :2X1a$ =a .

Then sum all the terms, which returns a®+2ax+2? as we would expect. What is important
is to keep always in mind the so-called binomial coefficient

n!

kl(n — k)!

which you can also find written as

(1)

An easy way to remember the terms that compose it is to use the Pascal triangle rule,
which is illustrated in Figure 6. The triangle has 1s along the two sides; the numbers
inside the triangle are obtained summing up the pairs of numbers in the line above. For
example, consider the case n = 3. The coefficients are respectively 1,3, 3, 1; the ‘interior’
coefficients, i.e. 3, are obtained by summing each pair of coefficients of the case n —1 = 2:
ie. 142=3,2+1=3.

The binomial theorem will help us to calculate some derivatives in Section 1.4.

- q—» X
m (a+ b ) ] OEFRclENT S
0 4 1
—
+
9 2
2| d +2ab+b 4 2 4
e
3 L 2 y -’
3| o +3cb +30b 4b A 3 3 A
) e — em—
¢ , 3 2/% 13 4 - + ;
4| a+«4dap+édp+4ab+o A 4 I 4 4

Figure 6: The coefficients of (a + b)™: the Pascal triangle.
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Remark 1 Let p be such that 0 < p <1, i.e. p € [0,1]. The binomial formula above allows us
to show that

- n! k —k
— Pl —p)" P =1
kzokz!(n—k)!p (1=p)

Therefore expression

n! k —k
1 _ n
=P P
is a legitimate probability mass function, and indeed it is used in Statistics to define the
probability mass function of the binomial distribution, which represents the building block for
important financial models such as the Binomial Model for Option Pricing by Cox, Ross and
Rubinstein (1979).

1.2.3 Power functions

Power functions the have form
flz) =2

for any constant a (any real number). Let us consider a few interesting cases.

1. a = n for n integer. Then we obtain special cases of polynomial functions with only one
term, i.e. the leading term,
y=a".
Note that if > 0, y is always positive; for < 0, y is either positive or negative according
to whether n is even or odd (respectively). This is shown in Figure 7 for the cases y = x2
and y = z°.

Figure 7: Power functions. Left hand side panel: y = 22 and y = \/z. Right hand side panel: y = 23
and y = V.

2. a= % for n integer. Then we obtain a function of the form

y=a'/"= Yz
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10|

Figure 8: Reciprocal function (hyperbola) y = %

known as the root function. A few examples are shown in Figure 7. We note that the
square root function is defined only on the positive axis, i.e. the domain of f(z) = /x
is x € [0,400). Note though that y = Va2 = 4+ = |z|, +x being the so-called principal
value. The cubic root can instead take both negative and positive values.

3. a = —1, then for z # 0

This is the reciprocal function, and it is such that xy = 1; it is represented in Figure &,
and it is a hyperbola with the coordinate axes as its asymptotes. Indeed, for x = 0 the
function is not defined as it tends to infinity. To be precise, as x approaches 0 from the
left, the function drops towards —oo, if instead = approaches 0 from the right, the function
tends to 4o00. This a first encounter with the concept of limit, which we will explore in
more details in Section 1.3.

Remark 2 A fundamental relation in Microeconomics is the so-called utility function and the
associated indifference curve. For a utility function u(x), the indifference curve is defined as the
set of bundles which yield a constant level of utility

Indifference Curve = {z : u(z) = k}.

Said differently, we are considering a collection of indifference curves, each one corresponding to

a level of utility k. A popular choice is the so-called Cobb-Douglas utility function, which in its
symmetric version has form

u(z,y) = zy,

with x and y denoting the two goods from which the economic agent extracts welfare. The
corresponding indifference curve is then
k
y=—
x
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Figure 9: Indifference curves (main plot) and utility function (secondary plot). The levels of utility &
are indicated in the main plot.

for a given utility level k. This is a multiple of order k of the reciprocal function (or hyperbola).
Figure 9 shows the utility function u(x,y) = zy in a 3-D space and the corresponding indifference
curves, which are the related isoquants.

1.2.4 Inverse functions

Example 6 Consider the cubic function y = 3. If = 2 then y = 8. Suppose now you have
y = 8 and you want to know the value of x which has generated y based on the cubic mapping.
Then you need to express x as a function of y. This function is the cubic root, i.e. x = ¥/y.

Definition 2 Let f be a function whose domain is the set X, and whose range is the set Y.
Then f is invertible if there exists a function g with domain'Y and image X, with the property

flx)=y < gly) =z

If f is invertible, the function g is unique, which means that there is exactly one function g

satisfying this property. That function g is then called the inverse of f, and is usually denoted
-1

as f~ .

A condition for f to be invertible is to be a one-to-one function, i.e. a function that never
takes on the same value twice. In symbols

f(x1) # f(x2), whenever x; # xa.

If a horizontal line intersects the graph of f in more than one point, then there are numbers x;
and x9 such that f(z1) = f(z2). This means that f is not one-to-one.



18

Example 7 1. The cubic function f(z) = 2 is a one-to-one function, as we can observe
from Figure 7 - right hand panel. Therefore it is invertible and for y = 23, f~1(y) = Y,

Le. © = y.

2. The quadratic function f(z) = x* is not a one-to-one function: we can observe from Figure
7 - left hand panel that, if we draw an horizontal line, this will intersect the graph in two
points. For example, if we draw the line at the point y = 4, we see that this line crosses
the graph at both = —2 and = = 2, i.e. for y = f(z)

F(=2) = 4= f(2).

In order to be able to invert this function, we need to consider separately the cases in
which ¢ > 0 and = < 0. Then the quadratic function is one-to-one and we can invert. In
this case we have

2

r=f"(y) = yifx>0,
and
z=fty) = —/y if z <0.
This can be written in a compact way using the so called indicator function

1 ifweAd
0 otherwise

La (w):{

so that

= f"Hy) = Vyluzo — vyla<o.

Remark 3 (A matter of notation: notation matters!) Do not mistake the ~! in f~1(x)
for an exponent. Thus

1
f~Y(x) does not mean ——

f(z)
The reciprocal 1/ f(x) could, however, be written as (f(z))~!. Mathematics is a very precise form
of language, consequently we need to be as precise and respect the rules given by mathematics.

For the inverse function, the following ‘cancellation equations’ hold.
@) =2 f(F ) =y

for y = f(x) and z = f~1(y).

Example 8 1. Suppose the function f is such that f(1) = 5, f(3) = 7 and f(8) = —10.
Also assume that f is invertible. Then

715 = i ra) =1
) = F(rE)=3
FH =10 = fHfF©8) =8

1

2. Let y = f(x) = 2™ Then z = f~!(y) = y». Indeed (w”)%
that for n even we consider x > 0.

n
n

= z. It is understood

X
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Figure 10: Rational function f(z) = %.

1.2.5 Rational functions
Rational functions have form Pa)
x
fla) =
)= Q)
for polynomials P and Q). The domain consists of all values of x such that Q(z) # 0. A simple

example is the reciprocal function f(x) = 1/x which is defined for = # 0 (see Figure 8). Another
example is the function

2zt — 22 +1
f(m)—W

with domain X = {z : © # —2,x # 2}. Its graph is shown in Figure 10.

1.2.6 Exponential and logarithmic functions

The exponential function has form
flz) =a”
for any positive constant a, known as the base. The base a can be any positive constant. Special
cases of particular interest are a = 2, a = 10 (both are found in biology, computer science and
engineering), and a = e, with e the Euler constant. This latter case is very common in finance.
Some examples of exponential functions are shown in the left hand side panel of Figure 11.
Properties of the exponential function (from the laws of exponents)

1. a®tb = ¢®qb

z—b _ x,—b _ a”
2. a =a'a’ =3
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y=103"

— =¥

y=logyyx

y=log;x

y=e y=1In(z)
20

Figure 11: Exponential and logarithm function.

It is advisable to know these relationships by heart.
The logarithm function is defined as the inverse function of the exponential function. In
other words.

Definition 3 For a any number such that a > 0 and a # 1, and x > 0, then
y = log, x is equivalent to a¥ = .
We usually read this as ‘log base a of x’.

It follows from the definition that the logarithm function is such that

y = log,(a).

A special case is when a = e, then we have the so-called natural logarithm y = Inx, which is
the inverse function of x = €Y.
Some log-functions are graphed in Figure 11 (right hand side panel).

Properties of the logarithm - from the properties of the exponential function
1. log,(xb) = log,(x) + log,(b).
Indeed, let y = log, x and z = log, b; then = a¥ and b = a*. From property (1) of the
exponential function, we know that xb = a¥*?. Take logarithm both sides of the equality
to obtain log,(xb) = log,(a?*?); the definition of logarithm implies the result.
Note
log,(x) 4 log,(b) # log,(z + b).
2. loga(%) = IOga(CU) - loga(b)'
Indeed, let y = log, x and z = log, b; then z = a¥ and b = a*. From property (2) of the
exponential function, we know that x/b = a¥~%. Take logarithm both sides of the equality
to obtain log,(z/b) = log,(a¥~%); the definition of logarithm implies the result.
Note
log, () — log,(b) # log,(z — b).
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3. log, () = blog,(z).
Indeed, let y = log, x; then x = a¥. From property (3) of the exponential function, we know
that 2® = a”. Take logarithm both sides of the equality to obtain log,(z’) = log,(a);
the definition of logarithm implies the result.

1.2.7 Trigonometric functions

A note about unit of measure with angles The radian (symbol: rad) is the SI unit
for measuring angles, and is the standard unit of angular measure used in many areas of
mathematics. The length of an arc of a unit circle is numerically equal to the measurement
in radians of the angle that it subtends. Thus, in practice. Assume a unit circle. The angle it
subtends is 360°. The arc in question is the full circumference which measures 27w. Therefore

the radian is
180

rad = .
7I-O
Then, the 90° angle measures 7/2 in radians. In calculus the convention is that radian measure
is always used (except when otherwise indicated). For example, when we use the function sin(z),

it is understood as the sine of the angle whose radian measure is x.

Figure 12: Left hand side panel: The unit circle and the trigonometric functions. Right hand side panel:
lines and slopes.
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Trigonometric functions (also called circular functions, angle functions or goniometric functions)
are real functions which relate an angle of a right-angled triangle to ratios of two side lengths.
The most commonly used functions are sine, cosine and tangent.

We define these function with respect to the unit circle, with centre in the origin, O, as
illustrated in Figure 12. Inside this circle, consider the right-angled triangle AOB, and its acute
angle x; by construction the hypotenuse of this triangle is the segment AO which has length 1.
Then by definition we have

AB OB
(.’L‘) = E = AB, COS(ZE) = E = OB.
These quantities are shown in the left hand side panel of Figure 12, which highlights that
cos(x), sin(x) represent the coordinates of the point A.

sin
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Figure 13: The fundamental trigonometric functions: sin(x), cos(x) and tan(z).

A fundamental relationship linking these functions follows from Pythagoras’ theorem (reminder:

the unit circle has radius 1)
sin’(z) + cos?(x) = 1.

Now, we can re-interpret the meaning of the slope coefficient of a line (right-hand side panel
of Figure 12). Consider the line passing through the points O and A. Let 6 denote the angle
subtended by this line. We know from Section 1.2.1 that the slope is

A8
OB
i.e.
_ sin(0)
~ cos(f)’
For simplicity, but without loss of generality, suppose we translate the Cartesian axes to the
point O, so that this becomes our new origin. Then, the line passing through the new origin O
and A has equation

sin (6
y=be= cos((0>)glj
Now. Assume x = 1. The corresponding y value is precisely
sin(6)
cos(0)
This is what we define to be the tangent of 0, i.e.
AB  sin(6
tan(f) = 0= cos((e))'

All the trigonometric functions are represented in Figure 13. We note that function y =
tan(x) has asymptotes corresponding to multiples of 7/2 (can you explain why?).
We can also define the corresponding inverse functions, i.e.
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1. & = arcsin(y) (arcsine) i.e. the function such that y = sin(z). The arcsine is defined on
-1<y<1.

2. z = arccos(y) (arccosine) i.e. the function such that y = cos(z). The arccosine is defined
on —1 <y < 1.

3. x = arctan(y) (arctangent) i.e. the function such that y = tan(z). The arctangent is
defined on the extended real line to include +oo.

Note the restrictions we imposed on the domain of the inverse functions. Can you explain why?

1.2.8 Composite functions

Two functions f and g can be combined to form new functions by applying to them any of the
basic operations, exponentiation, and so on. We obtain what is called a composite function.

Definition 4 Given two functions f and g, the composite function fog (also called the composition
of f and g ) is defined by
(fog)(x) = flg(z)).

The domain of f o g is the set of all z in the domain of g such that g(z) is in the domain of f.
In other words, (f o g)(z) is defined whenever both f and g are defined.

Remark 4 (A matter of notation: notation matters!) Remember, the fog notation means
that the function g is applied first and then f is applied second. Consequently

fog#gof,

the only exception being the case of the identity function.

Example 9 1. Let f(z) = \/z and g(x) = 2% + 1. Then

F(z) = f(9(x)) = f(a* +1) = Va? + 1.
The domain of this function is the entire real line as 2% + 1 is always positive, i.e. X = R.

However
G(x) = g(f(x)) = 9(Va) =z +1
with domain X = {z : x > 0} = [0, 4+00).

2. Let f(x) = /7 and g(z) = v/2 — . Then
F(z) = f(9(x) = f(V2—2) =\/V2 -2 = ((2—;::)%)§ o

The domain of this function is X = {z : x <2} = (—00,2].
However
G(z) =g(f(2)) = 9(Vx) = /2= Vz;

note that /z is defined for z > 0 and /2 — /7 is defined for 2 — \/x > 0 i.e. = < 4.
Consequently the domain is X = [0, 4].
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Figure 14: The cumulative distribution function of the standard normal (or Gaussian) distribution.

1.2.9 Other functions

There are a number of other functions that have applications in finance, and a quite large class
of these is the one of transcendental functions.

Transcendental functions are usually defined as an integral or a solution to a specific differential
equation. The most important example is represented by the cumulative distribution function
of the standard normal (or Gaussian) random variable. This is defined as

x 1 2
O(x) = / ez dy.
oo V2T

The function is plotted in Figure 14, and we will look at it again in Section 1.6.5.

1.3 Limits

Example 10 Consider the function

1
f(x):m

which we saw in Example 2.2. In that example we have shown that the domain of this function
is X ={z:x # 0and z # 1}, as for those values the denominator is zero and therefore the
fraction is not defined. So, how can we determine what happens to this function as z gets closer
and closer to either 0 or 17 In order to answer to this question, we need to be able to calculate
the limit of the function f(x) as z tends to either 0 or 1.

Definition 5 Suppose f(z) is defined when x is near point a. Then
lim f(z) = L

which reads as ‘the limit of f(x) as x approaches a equals L.
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The above is equivalent to say: we can make the values of f(z) arbitrarily close to L, by
considering X sufficiently close to a (on either side of a) but not equal to a.
In some cases the limit can be simple to compute.

Example 11 1. Let

z—1

2 -1

Assume we are interested in understanding the behaviour of the function in 1. By noticing
that 22 — 1 = (x — 1)(x + 1), we realize that

fz) =

1
fla) = r+1
and
lim f(z) = -
x—1
2. Consider now )

x¢—1

f("lj) - T — 1 *

Assume we are still interested in understanding the behaviour of the function in 1. By
noticing that 22 — 1 = (z — 1)(x + 1), we realize that

F@)=a+1
and
lim f(x) = 2.
r—1
3. Consider the reciprocal function
1
f(z) = =

defined for = # 0. As z approaches 0 from the right, then x takes values 1, 0.1, 0.01, 0.001
and so on. The corresponding values of the function f are 1, 10, 100, 1000, i.e. they keep
increasing. However, we will never be able to actually reach zero on the z-axis, and the
function asymptotically reaches +o0o. We write this situation in mathematical terms as

li = lim — = .
(The ‘+’ next to the 0 means that we are approaching from the right.) Suppose now
that we approach 0 from the left, so that x takes values -1, -0.1, -0.01, -0.001 and so on.
The corresponding values of the function f(z) are -1, -10, -100, -1000, and the function
asymptotically reaches —oo, i.e.

Jm fle) = lim == —oc

(The ‘-” next to the 0 means that we are approaching from the left.) You can refer to
Figure 8 for the graphical illustration.
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4. Back to the function

1
flz) = 2z —1)
we have
g f@) =l ey 7 e S /@ =l saTny o e
and
zligl—s— J) = mlgﬁ z(x—1) = +oo, xl—lgl— flw) = ml—lf{l— x(x—1) B

The function is graphed in Figure 15.

The above examples concern points in which the function is not defined, i.e. points which
are excluded from the domain X. Also oo are technically excluded from the domain as they
are not in R. If we want to understand the behaviour of the function as x becomes larger and
larger, we need to look at the limit for z — +oo.

Example 12 1. The reciprocal function 1/z tends to 0 as x becomes larger and larger: for
x = 10,100, 1000, in fact, we have f(x) = 0.1,0.01,0.001 and for z = —10, —100, —1000,
f(z) = —0.1,—0.01,—0.001. As shown in Figure 8 the Cartesian axes are the asymptotes,
i.e. the lines such that the distance between the curve and the line approaches zero as one
or both of the x or y coordinates tends to infinity. In proper mathematical terms
1

lim — =0; lim — =0.
T——00 I T—+oco I

2. For the function

1
flz) = m,
we have that
1i_>rn f(z)=0.

The function is graphed in Figure 15.

Laws of limits Let ¢ be a constant.
1. limy, ., c=c¢; and lim,_,, z = a.
2. Tty sa(F(2) + 9(x)) = limg 0 (2) + limg s g(2).
3. limy o (f(z) — g(x)) = limy—yq f(2) — limg—q g().
4. limy_q cf () = climy_, f(2).

5. limy o (f(2)g(x)) = (limg—yq f(x))(limg—q g(x)).

6. lim,, 15 = fmeetis)

7. limg_,q 2™ = a”.
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The asymptote x = 1 is shown in dash-dot line.

Figure 15: f(x) =

1
z(zx—1)"

8. limy_yq f(2)" = (limg—q f(2))".

9. limy_,q {/z = /a (if n is even, then we assume a > 0).

10. limg .4 ’\‘/f(x) = ’\L/(limxﬁa f(x)) (if n is even, then we assume lim,_,, f(z) > 0).

11. DIRECT SUBSTITUTION PROPERTY: If f is a polynomial or a rational function and
a is in the domain of f, then lim,_,, f(z) = f(a).

12. SQUEEZE THEOREM: Suppose that for every x not equal to a, we have g(z) < f(z) <
h(z), and also suppose that

lim g(z) = lim h(z) = L.

r—a T—ra

Then

Example 13 1. Consider the the rational function

522 +1
f(z) = 322 _ o

we want to study its behaviour for large values of z, i.e. for x — co. We write then the
corresponding limit

. b2 41

lim

r—00 312 — 1

Both numerator and denominator are polynomial of the same order 2. This is a very useful
hint: it is like to say that in the limit we are looking at infinity of the same order. Then,
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if this is true, the limit might be finite. Indeed this is the case: you need first to factorize
the higher order power of x and then simplify as follows

2 2 1
lim bz +1 = lim < (5+$2)
z—o00 312 — 1 z—00 2 (3 — ;%)
_ ® (5+ 35)
- JE& 22 (3_2)
= lim (5;”?)
7oee (3 3)
B 5+ limg oo x%
3 limy,e0 2
_
3

We applied Rule 6 for the calculation of the limit of the fraction.

2. Consider the function

_f x+3 ifx <2
f(w)—{ —x+7 ifx>2.

Then
lim f(z) =
r—2

by substitution of the value 2 in « + 3 which is the branch of the function for which the
value 2 belongs to the domain.

Finally, there is a number of ‘notable limits’ which are quite convenient and it is advisable
to remember them at all times. The most important are listed in Table 3.

Table 3: Notable limits

1

lim, oo (1 + z)x =e lim,,o(l+2)s =e¢

. log,(1+z) 1 . In(14z)
lim, o —— = — lim, =1
T _
=Ina — L—1
. i 1—
lim,_o w =1 lim, o COS(I) =0

Example 14 The compound interest law is given by

VzP(l—k%)mt.
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In Example 1 we have seen that as the compounding frequency m increases, V increases - as
also illustrated in Figure 1. What happens in the limit? Using the table of notable limits and
the laws of the limits we have

r mt 'S mt
lim P (1 n 7) = P lim (1 + 7) (rule 4)
m—00 m m—o0 m
r\m\t
= P( lim (1 + —) ) (rule 8)
m—o0o m

T t T
- P (1' 1 *) =—
zlg(l)( + ) (set = m)

rt
= P (hm (1+ x)%> (rules of exponents)

z—0

= Pe™  (notable limit).

This is the continuous compounding rule.

Continuous functions The function f is continuous at some point ¢ of its domain if

lim f(z) = (o).

Tr—cC

The above statement is meaningful if the following holds: f is defined at ¢ , the limit on the
left hand side of the above equation exists, and finally, the value of this limit equals f(c).

Example 15 Let us investigate the continuity of the following functions at the origin, i.e. for
c=0.

1. f(z) = 22
We note by direct substitution that f(0) = 0 and indeed lim, .o 2% = 0. Thus the function
is continuous.

2. f(x) = |al.
We start by noticing that

T ifz>0
—x fz<0

o) = el = {

Therefore, lim, o+ || = lim,_04+ = 0, and lim,_,o— |z| = lim,_0—(—2) = 0. Consequently,
lim, o |x| = 0 which is, of course, equal to f(0). Hence the function is continuous.

3. f(z) =3
The function is not continuous in ¢ = 0 as this point does not belong to the domain of f,
see also Example 11.3.

1.4 Derivatives

The derivative of a function of a real variable measures the sensitivity to changes of the function
value (output) with respect to a change in its argument (input). The process of finding a
derivative is called differentiation.
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Definition 6 The derivative of a function f at a point ¢, denoted by f'(c), is

Fe)  tim £ TN = 1(0)

h—0 h

if this limit exists.

Example 16 1. Consider the function f(x) = x2. Let us apply the definition in order to
find its derivative. Then

(v + h)? — 22
h—0 h
22+ 2zh + h? — 22

Thus, the limit exists and f/(z) = 2z for f(x) = 22
2. Consider the function f(z) = |z|. We know

T ifz>0

f(x):|x:{ —x ifz<0

From the definition, we have

: +h| —|z| _ |h]
(@) = tim 2Ll AL
Fw) = lim, h h

However, due to the definition of modulus function, it follows that

o1 ifh>0
f@“‘{—1 ifh<0

In other words, the limit from the right is 1, while the limit from the left is -1. Thus the
function f(z) = |x| is not differentiable.

The latter example shows that in general differentiability is a more restrictive condition
than continuity, because it requires something more than continuity. Continuity at a point rules
out the presence of a gap, whereas differentiability rules out “sharpness” as well. Therefore,
differentiability calls for “smoothness” of a function as well as its continuity. If a unique limit
in Definition 6 does not exist, the derivative does not exist.

1.4.1 Meaning of the derivative

From the definition, set x = ¢+ h, then
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in other words, if the input variable changes by an amount A from c¢ to x, the functions changes
from f(c) to f(x). Therefore
f(x) = fle)
x—c

is the incremental ratio for the function f, and f’(c) measures this ratio in the case in which the
increment in the input, i.e. h, is very small; so small actually that is infinitesimal (meaning of
h — 0). Thus, the derivative returns the change in the function due to an infinitesimal change
in the input.

To gain more insight in this very important concept, let us consider the following examples.

Example 17 1. Let us refer back to Example 4 and the corresponding Figure 4, in which
we consider the linear function y = f(x) with f(x) = 2+ 3xz. The slope b is defined as the
incremental ratio

Ay
Ax’
For the points given in Example 4 then
11-5
b= =3.
3—-1

This is saying that if 2 changes by 2 units (3-1), then y changes by 6 units (11-5) or,
equivalently, if x changes by 1 unit, then y changes by 3 units.

Note that this ratio is constant, i.e. it does not change when x changes. This is typical of
a linear function.

2. Let us now consider the function

fla) = 5a*

Suppose we are interested in obtaining the equation of the line passing through the point
(2,2) which is tangent to f(x), i.e. the line that only ‘touches’ f(x) once, without ‘cutting’
it. However, from Section 1.2.1 we see that we have too little information as we only know
one point, and this tangent line might not necessarily pass through the origin. What we
could do to solve this problem is to choose arbitrarily other points on f(z) and draw the
line joining these points and (2,2). These lines are called secants (these lines cut through
the given function f(z) at a minimum of two points). Suppose we consider the point
(—=3,9/2). Then from Section 1.2.1, we obtain y = 3 — x/2, thus the rate of change per
1 unit is —0.5. Now, let us consider the origin (0,0). The secant line through (0,0) and
(2,2) is y = z, i.e. the identity function, so that the rate of change is 1. The current value
x = 0 is ’only’ 2 units away from the point of interest. Therefore, in order to be able to
obtain the tangent line, we will need to repeat this procedure for  approaching 2 as close
as possible. This is illustrated in Figure 16. This example tells us that the slope of the
tangent line to f(z) in (2,2) is obtained as

@) i F@) =)

r—2 T — 2 ’

which is the derivative of f(z) in 2.
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Figure 16: Secants (dash-dot lines) and tangent (solid line) in (2,2) for f(z) = 122

The previous example shows that to differentiate a function f in a point c is equivalent to
determining the slope of the tangent line to f in c.

The definition of derivative implies that the derivative itself is a function of the original input,
and therefore varies according to the values of x on the domain of f. Indeed, the definition implies

Fa) — pim LT = @),

h—0 h

The idea is shown in Figure 17, which shows different tangent lines of f(z) = %:1;2 at different
points . We note the different slopes: negative at first, in correspondence of the values of z
such that f(z) is decreasing, then flat, finally positive, in correspondence of those values of x
such that f(z) is increasing.

Indeed, this is one of the many pieces of information that a derivative can provide us regarding
the behaviour of a function: for which values of x f(x) is either increasing, decreasing or not
changing at all (i.e. flat). This specific information can be read from the sign of the derivative.
Let us consider for example the case in which f’(x) < 0. Then, from the definition of derivative,
it follows that for small h > 0 then

flz+h) - f(z)
h

ie. f(x+h) < f(x) with z+h > z. This implies that the function f(z) is decreasing. Viceversa,
if f'(x) > 0, then

<0,

flz+h) = f(z)
h
ie. f(x+h)> f(z) with z + h > x. This implies that the function f(z) is increasing.

> 0,

Example 18 Consider the function f(z) = 2. We have seen in Example 16.1 that f’(z) = 2.
Thus, f'(z) <0, i.e. f(z) is decreasing, if z < 0, f’(z) = 0, i.e. the function does not change, if
x =0, and f'(z) > 0, i.e f(z) is increasing, if x > 0.
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Figure 17: f(z) = 322 and f'(z). Points of interest (—3,9/2), (1,1/2), (2,2).

Note. The point at which the derivative is zero is called stationary point. In the previous
example, x = 0 is the stationary point for the parabola.

The above proves that we can learn quite a lot about the behaviour of f(x) by looking at
its derivative. For this reason, we need to learn how to differentiate. This will be covered next.
Before this, though, a matter of notation: the derivative f’ of the function f can also be denoted
as

dy Y
W _ pio) 2)

for y = f(x); alternatively, you can find it denoted as

d
%f(;r)

1.4.2 Rules of differentiation

The rules are accompanied by a short intuitive proof, which aims firstly at giving insight into
the result, and secondly gaining practice with the concepts introduced in Section 1.2. Note that
each rule can be used also in combination with others. All rules are summarized in Table 4 and
need to be known.

1. CONSTANT FUNCTION: If f(z) = ¢, for any constant ¢, then f’(z) = 0.
Indeed, by using the definition

f/(CC)Zlimf(x+h)_f(x) . c—c¢

h—0 h h—0 h

Example 19 Consider the function f(z) = 5. Then, f'(z) = 0.



2. POWER RULE: If f(x) = 2™ , any real number n, then f/(z) = nz"!.
Indeed, from the definition

#/(z) = lim :hm@+ﬁr‘ﬂ. (3)

fx+h) - fz)
h
From the binomial theorem, which we met in Section 1.2.2 - equation (1), we know that

k. n—k
(x+h)" Zk‘n— h¥x

ie.
1
(z+h)" =" +nz"th + in(n — D)a" 2R 4+ -+ nzh™ B,

therefore, by substituting in (3) and simplifying, we obtain
n—1 . 1 n—2 n—2 n—1
=nz" "+ lim ( =n(n—1)2""*h+---+nzh" “+h
h—0 \ 2
from which the result follows as all terms in h are zero.

Example 20 (a) Consider f(x) = 2°. Then f'(x) = 52°~! = 5x*.
(b) Consider f(z) = {/z. Note that f(z) = #'/°. Then fr(x) = %x1/5_1 = %\5/:1:_4.

3. CONSTANT TIMES A FUNCTION: If f(x) = cg(z) , where ¢ is a constant and g is a
differentiable function, then f'(z) = c¢'(z).
This is a straightforward application of the rules of limits and the definition of derivative.

Example 21 (a) Consider f(x) = 10z°. Then f’(x) = 10(52°~1) = 502*.
(b) Consider f(z) = 3x. Then f/'(z) = 3z'~1 = 3.
(¢) More in general, let f(z) = a + bx, then f'(z) = b.

4. SUM OR DIFFERENCE OF FUNCTIONS: If f(z) = u(z)%g(x) , with v and g differentiable
functions, then f'(x) = u/(z) + ¢'(x).
This result follows from the additivity law of limits.

Example 22 Consider f(z) = 823 — 42% + 52 — 10. Then f’(z) = 242% — 8x + 5.

5. PRODUCT RULE: If f(z) = u(z)v(z) , with u and v differentiable functions, then f'(x) =
v (z)v(x) + u(z)v'(z).
To show this, write first the incremental ratio
fx+h)— f(x)  w@+h)v(z+h)—uz)v(s)
h N h ’
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then, at the numerator add and subtract the amount u(xz+h)v(z) (this is a very useful trick
which does not alter the expression but allows to simplify considerably the calculations)
so that

flx+h)— f(x) _ u(z + h)v(z + h) —u(z + h)v(z) + u(z + h)v(z) — u(z)v(x)
h h
_ u(x_i_h)v(x—i-h})L—v(x) _'_u(x—l-h}z—u(ac)v(w).

Then, take the limit for h — 0 and apply rule 4 first, and the definition of derivative to
conclude.

Example 23 Consider f(z) = (22 —5)(x — 23) . Then, u(z) = 22 — 5 and v(z) = x — 5.
Consequently, rule 2 implies that «/(z) = 2, rule 2 and rule 4 imply that v/(z) = 1 — 322.
Now put the pieces together

f'(z) = 2z(x — 23) + (2® — 5)(1 — 32%) = =52t + 1822 — 5.

. CHAIN RULE: the chain rule applies to composite functions. Thus, consider F(z) =
f(g(x)) with both f, g differentiable functions. Then F’'(x) = f'(g(x))g (x).

The heuristic argument works as follows. Let u = g(z) and y = f(u). Let Au = g(z +
h) —g(z) and Ay = f(u+ h) — f(u). Note that for h — 0, then Au — 0. Now, let us

consider our derivative

Fl'(z) = limA—

U Au
= lim =2=—= ltipl ou
o h Au <mu tiply by Au>

= (dm, 50 (i 5)
= fl(g(x))g (x),

where the last but one equality follows from the laws of limits, and the last equality follows
from the definition of derivative.

Example 24 Consider F(z) = V22 + 1 so that g(z) = 22 + 1 and f(u) = yu = u'/2.
Then, ¢'(x) = 2z from rule 2, and f'(u) = %u’lm again from rule 2. Then

1 T
Fliz)==(2*+1)""? 20 = —— .
@ = 5@ +1) .
The chain rule allows us to generalize all the results we established above.

Example 25 POWER OF A FUNCTION: f(z) = u(x)", for a differentiable function u
and n a real number has derivative f'(z) = n u(x)" 1/ (z)
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7. QUOTIENT RULE: If

_ u(x)
f(x) - U(l’) )
with v and v differentiable functions, then
/ W (z)v(x) — u(@)v'(z)
f ( ) - U(l‘)Q

The quotient rule can be proven using the product rule in conjunction with the chain rule
by writing the function f as f(x) = u(z)v(z) " .

Example 26 Consider
10—z
T =

Then
—(224+1) - (10 —z)2xz 2?—-20z -1

J@) = (@2 +1)2 T (@11

. RULE OF EXPONENTIAL FUNCTIONS: If f(z) = a® , for a > 0, then f'(z) = a”Ina.

Indeed, from the definition

oy g J@th) = flz) e —a?
e

You can now factorize a® and use the laws of limits to write

=a"lna

h

-1
! _ zl a
f(@) = a” lim

in virtue of the notable limit for the exponential function (see Table 3).
The chain rule allows us to generalize the above to the case

f(x) = a"®
for which
f(z) = "/ () Ina
holds. The case of the base e exponential functions f(z) = e® and f(z) = ¢“(*) follows by

setting @ = e and noticing that Ine = 1.

Example 27 Consider f(z) = 10e5° =4 Then u(r) = 52?% — 4z for which u'(x) = 10x—4
and 2 2
f(z) = 10(10z — 4)e®™ 4% = (1002 — 40)e5® —4,

. RULE OF THE LOG-FUNCTIONS: If f(x) =log, z , for a > 0, a # 1, and « > 0, then

1
(0 —
fz) = xlna’
Indeed, from the definition
fo)— i L@ = F@) oy () —log, x

h—0 h h—0 h
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You can now use the properties of the log-function to write

log (1 + E)
/ BT a T
=)= ,1112% h )

At this point you can multiply and divide the above expression by 1/x so that

h
f(z) = 1 lim 710&1 (1 * x)

T h—0 h ’
x

the notable limit for the log-functions (see Table 3) implies the result.

The chain rule allows us to generalize the above to the case

f(z) = log, u(z)
for which

1
/ . /
holds. The case of the base e exponential functions f(z) = Inx and f(x) = Inu(z) follows

by setting a = e and noticing that Ine = 1.

Example 28 Consider f(r) = In(42? — 16z), then u(z) = 422 — 16z, for which u'(z) =
8x — 16. Therefore
8216 2w —4

1oy
f(x)_4x2—16:n_:n2—4'

INVERSE FUNCTION RULE: If f is a one-to-one differentiable function with inverse
function g(z) = f~!(z), then the inverse function is differentiable and

¢(@) = 7@ = Fmioy

for any z such that f/(f~(x)) # 0.

Indeed, by definition of inverse function if y = f~!(z), then # = f(y). Take this last
relationship and differentiate both sides with respect to the independent variable x, bearing
in mind that y is a function of x. So, we will need the chain rule. We obtain

dx ,, dy
as dr/dx = 1, we can rearrange to obtain

dy_i

dr da:f_l(x) -

11
) J )

as required.

Example 29 Let f(x) = 2°. We know from the power rule that f’(z) = 3z%. Consider
now the inverse function i.e. y = f~!(z) = #'/3. The inverse function rule then says that
d 1 1
I -1 = —
Vo T ) T s
, 1

Y = —5—~>

3V a2

which is the same result we would obtain via the power rule.

i.e.
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This example shows that we can obtain the same result using different rules/combination
of rules. This gives us a powerful way to check if our calculations are correct.

All these results are summarized in Table 4. These rules need to be known.

Table 4: Summary: the rules of differentiation

f(x) f'(x)
flz)=c (@) =0
f(z) = cg(z) f(z) = cg'(x)
f(x) = h(g(z) f'(x) = I (g(x))¢/(x) [Chain Rulc]
flz) =" f(@) = na"!
f(x) = ulz)" f(@) = nu(z) 1 ()
f(@) = ula) £ g(x) f(@) = '(z) £ ¢/(x)
fl@) = u(z)v(z) | f(z) =o' (@)v(z) + u(z)v'(z) [Product Rule]
f(a:) _ Zgg f’(a:) _ U’(w)v(f])(;;(w)v’(x)
fla) =a* f'(z) = a*Ina
f(@) = a@ fi(x) = a*@/(z) Ina
flz)=¢€" f(x) =e
f(z) = e f'(z) = e/ ()
f(x) = log, x F@) = s
f(x) = log, u(x) f'(@) = s
f(z) =Inz flx) =3
f(@) = lnu(z) fl(z) = 2
g(x) = f(x) g(@) = (7)) = 5my

1.4.3 Higher order derivatives

The derivative f’ of the function f is referred to as the first-order derivative of the function.
Higher order derivatives of the function f can be found by applying the rules of differentiation
to lower-order derivatives.
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Example 30 If f(z) = 22* + 522 4 322, then

fl(x) = 82+ 152 + 6z,
f"(x) = 242°4 30z +6,
f"(x) = 48z + 30,
fO) = 48,

P = o

All additional higher-order derivatives are also equal zero.

Of particular interest for applications in economics and finance is the second-order derivative,

f”, also denoted as , ,
%, or % f(z).

The second-order derivative measures the slope and the instantaneous rate of change of the
first-order derivative with respect to a change in x, just as the first derivative measures the slope
and the rate of change of the original (called primitive) function f(x).

The second derivative corresponds to the curvature or concavity of the graph. The graph of
a function with a positive second derivative is upwardly concave (i.e. convex), while the graph
of a function with a negative second derivative curves in the opposite way (i.e. concave).

Example 31 1. Let us consider the parabola f(x) = 22 from Example 16.1. We know by
now that f/(x) = 2z, and therefore the function f(z) is decreasing in the negative part of
the real axis (x < 0), and increasing in the positive part of the real axis (i.e. > 0). How
about concavity/convexity? We can obtain the second-order derivative f”(x) = 2 > 0.
Thus, the parabola is always convex.

2. Let us now consider the reciprocal function f(x) = 2~!. Then, f'(z) = —z~2 and f"(x) =
2273, Consequently, the function is always decreasing, it is convex for z > 0 and concave
for £ < 0. You can refer to the graph shown in Figure 8.

A note. The points at which the second order derivative of a function is zero are called
inflection points.

A more detailed definition of concave/convex function A function whose second derivative
is positive, is convex, meaning that the tangent lines will lie below the graph of the function.
Similarly, a function whose second derivative is negative, is concave, and its tangent lines will
lie above the graph of the function.

The formal definition of concave/convex function is the following. A real-valued function f
on an interval is said to be concave if, for any = and y in the interval and for any « € [0, 1]

f((I—a)r+ay) > (1—a)f(z) +af(y)

A function is called strictly concave if

f( =)z +ay) > (1 —a)f(z) + af(y),

for any « € (0,1) and = # y.
For a function f, this second definition states that for every z strictly between x and y,
the point (z, f(z)) on the graph of f is above the straight line joining the points (z, f(z)) and

(v, f())-
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Differential If y = f(x), for a differentiable function f, the differential dz is an independent
variable; that is, dx can be given the value of any real number. The differential dy is then
defined in terms of dx by the equation

dy = f'(x)dz,

which follows from equation (2). Therefore, dy is a dependent variable as it depends on the
values of z and dz. If dz is given a specific value and x is taken to be some specific number in
the domain of f, then the numerical value of dy is determined.

A note on notation: you can find differentials written in different ways, such as, for example

df (x) = f'(x)dx,

or

df (z) = f(dz).

1.5 Applications of derivatives
1.5.1 Linear approximation and Taylor expansion

In this section we explore a useful application of the derivatives of a function f(z) aimed at
obtaining convenient approximations.

The argument starts with the assumption that any continuous function f(x), with derivatives
of any order, can be approximated by a polynomial of the form

Px)=ay+ai(z—c)+ax(x—c)?+as(x—c)P 4+ +an(z—c)"+...,

with ¢ a point in the domain of f suitably chosen.
We would like to fix the coefficients ag, a1, a9, as, ..., ay,... such that

P(x) = f(x).

If the above holds, also the derivatives of any order should be identical.
We proceed in steps as follows.

1. Set z = c then P(c) = a¢ and for the identity to work, it follows that
ap = f(c).
2. Now, let us differentiate once so that
P'(z) = a1 + 2as(x — ¢) + 3az(x — c)? + -+ nap(z — )" 4 ...
Set x = ¢; for the identity to hold, i.e. P'(c) = f'(c), it follows that
a; = f'(c).
3. Let us differentiate once more so that
P"(z) =2a3 + 3 x 2a3(x —¢) + -+ n(n — Day(z — )" 2 + ...

Set x = ¢; for the identity to hold, i.e. P"(c) = f"(c), it follows that

1

az = 5]’”(0).
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4. We can repeat the procedure once more to obtain
P"(z)=3x2a3+---+n(n—1)(n—2an(z—c)" 3 +...
Set z = ¢; for the identity to hold, i.e. P"(c) = f"(c), it follows that

1 1

= 510 = 51" e).

3 ~ 3

Thus, there is a pattern in the setting of the coefficients; indeed, in general we have

1
— = ¢n)
an = " (c).
Consequently, approximating the function f(z) via the polynomial P(x) leads to writing the
function f(z) as

f@) = F@+ e e+ D=+ (=t [ =

= > - o

n=0

This is called the Taylor expansion of the function f at ¢ (or about ¢). If we decide to use only
the first N terms, we will incur into an approximation error due to the truncation of the infinite
summation at an arbitrarily chosen value of N. This error is called ‘remainder’ and is of higher
order than N. In other words

x zooi M)z — )" = Ni M) (@ — )™
)= 3 e e = 3 e o+ 0w

Remainder

A convenient point of choice is ¢ = 0, so that the Taylor expansion reads

fla) =3 O
n=0

Example 32 Consider the function f(z) = e*. We know that all derivatives of the exponential
function equal e*. Consider the point ¢ = 0; as e = e? = 1, it follows that the Taylor expansion

at 0 of e” is
X n
e’ = r
X
o
In Figure 18 we show in the top left panel the quality of the approximation when we use only

the first two terms, i.e. n = 0,1 so that
ef~1+z.

In the remaining panels we use higher order terms, i.e. n up to 2, 3 and 4. We can observe the
improvement in the quality of the approximation. The error (remainder) becomes smaller and
smaller.
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Figure 18: Taylor expansion of the exponential function f(z) = e* at zero. Several orders of
approximation.

Remark 5 Using the Taylor expansion of the exponential function, we can show that

0

)\n

E e A =1, A>0.
n!

n=0

The expression
)\TL
e
n!
for A > 0 is therefore a legitimate probability function. Indeed it defines the probability function
of the Poisson distribution.

Example 33 (Derivatives, Bonds, Duration, Modified Duration and Convexity.) The
price of a coupon bond, P(r), with face value F, paying a fixed and known coupon d at the
coupon dates t = 1,2,...,T and maturity 7', with yield r is (based on the compound interest
law)

T
d F
Pr)=>Y" =+ =
= )™ )"

with m the compounding frequency per year.
Important concepts when working with bonds are the one of duration and modified duration.
We build these quantities as follows. Let us consider the first-order derivative of the bond price
with respect to the yield r, that is

dpP 1 £l d F
. ¢ 4T — .
A D

m
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Thus, if D denotes the Macaulay’s duration and MD the modified duration, then

T d F
¢ 4T _ .
D = 2=t ey T Ty _ (+5)ap
- P(r) - P(r) dr
1 dP
MD = -— —_
P(r) dr

In other words, the Macaulay duration D is the weighted average maturity of cash flows; the
modified duration MD, instead, measures the bond sensitivity to changes in the interest rates.
A further concept is the one of bond convexity. Bond convexity is a measure of the non-linear
relationship of bond prices to changes in interest rates, i.e. the second derivative of the price of
the bond with respect to interest rates.

Now consider the second order Taylor expansion around r of the bond price

P(r+ 1) = P(r) + P/(r)h + 5P (r)h* + O(1?).

Then
P(r+h)—P(r) _ P(r), 1P"(r) , 9
P = Pttt O

= —MD h+ %C h? + O(h?)

with C' denoting the convexity of the bond.

The Taylor expansion is very useful in Statistics also to prove the connection between
Moment Generating Functions (and/or Characteristic Functions) and raw moments of a random
variable, and between the log of the Moment Generating Function and the central moments of a
random variable. These are fundamental quantities in Mathematical Finance and Computational
Finance in order to study stochastic models for asset pricing and develop useful related numerical
routines. We explore this in the following.

A digression in Statistics: Moments, Cumulants and the Generating Functions The
Moment Generating Function (MGF) of a random variable X with cumulative distribution
function Fx(-) is defined as follows.

[e.e]

MX(k:):IE<ekX> - / FTdFy ().

—00

As the name of this function suggests, it can be used to study the distribution features
of random variables as it helps to quickly recover the relevant moments. In more details, we
distinguish between.

e The raw moments of the random variable X, which are defined as
pn =E (X n) )
and which can be recovered by direct differentiation of the MGF as

0" My (k)
ST k=0
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Proof. Let us use the Taylor expansion of the exponential function to rewrite the MGF

Mx(k) = E(Z (ki)n>

n=0

= > %E (X™)

n=0

= 1+I<:IE(X)+%I<:2IE(X2)+....

First order differentiation of the above with respect to k returns

Mx (k
M:E(X)+kE(X2)+...;
ok
second order differentiation of the above with respect to k returns
0?>Mx (k
6;():1@()(2)+k1E(X3)+...,

and so on. The required results follows setting £ = 0 in the above. ®
The central moments of the random variable X, defined as
m, =E[(X —E(X))"] n > 2.
The central moments can be easily obtained from the cumulants which are defined as
0" In Mx (k)
Cp= ————2 .
okm =0
Proof. First order differentiation of In My (k) returns

OlnMx(k) 1 OMx(k)
ok Mx(k) ok

setting £k = 0 returns the first order cumulant which coincides with the mean. Second
order differentiation returns
P*mMx(k) M (k)2 OMx (k)\> 1 9*Mx (k)
oz % ok Mx(k) 0ok

setting k = 0 returns —E(X)? 4+ E(X?), i.e. the variance. The higher order cumulants can
be obtained following the same procedure. m

In particular, the following identities hold.

o = E(X)
¢ = E [(X - E(X))ﬂ = Var(X) = ms

¢ = E|[(X ~E(X))*| =ms

o = E [(X - E(X))ﬂ — 3Var?(X) = my — 3m2.
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The skewness and the kurtosis of the distribution of a random variable are measured respectively

by the index of skewness
c3
M =375
e
and by the index of excess kurtosis
_“
Y2 = C% .
The distribution of a random variable is said to be asymmetric to the left if v; < 0, symmetric
if v1 = 0, and asymmetric to the right otherwise. It is platikurtic if 49 < 0, mesokurtic if o = 0
and leptokurtic otherwise.
As the following example shows, the Gaussian distribution is both symmetric and mesokurtic.
If any other random variable is, for example, leptokurtic, it means that the tails of its distribution
are thicker than the ones of the Gaussian random variable. Therefore, ‘extreme’ events are more

likely than in the Gaussian case.

Example 34 Few (and very important, as we will use them throughout the entire year) examples
of random variables.

1. As already seen before, the normal (or Gaussian) random variable X ~ N (u,az) is a
continuous random variable defined by the density function

_(z-p)?
€ 202

fx(z) = PN

You can easily show that

k252

E(X) = Var(X) =03 =0=1cy; Mx(k)=e*r 2

2. The Poisson random variable is an example of discrete random variable. More precisely, a
Poisson random variable N ~ Poi()\), with rate A has probability mass

e\
n!

pn(n) =
from which it follows that
E(N)=A=Var(N)=c3 =c4; Mn(k) = Mt 1),
Hence the Poisson distribution is asymmetric to the right and leptokurtic.

3. Assume X ~ I'(a,\), @ > 0. Then X is a non-negative random variable which follows a
gamma distribution; its density function is given by

f (:E) — I‘(l()[))\axale)\z’

where I' (o) is the gamma function, which is defined as
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and has the property that
FNao)=T(a—1)(a—-1).

This means that
I'(a)=(a-1)!

where « is a positive integer. The MGF of X is

1 o0
Mx (k) = F(a))\a/o 2@ e k) g,

Set y = x (A — k), then

) =g [ (7))

Note that if o = 1, then X follows an exponential distribution with rate A. Using the
MGF you can show that the gamma random variable has mean p = «/A and variance
v = a/A?. The parameter « is the shape parameter, whilst ) is the scale parameter. You
can also show that the gamma random variable is asymmetric to the right and leptokurtic.

1.5.2 Computing limits: L’Hoépital

Suppose f(z) and g(z) are differentiable and ¢'(z) # 0 near a (except possibly at a). Suppose
that
lim f(z) =0 and 1i_r>n g(x) =0

r—a
or that
lim f(z) = 00 and lim g(z) = +o0.
r—a r—a
Consider the limit
i)
im ;
T—a g(x)

under the given assumption, this originates an indeterminate form of the type 0/0 or oo/occ.

fhen i@ @)
_fle) x
() % g (a)

if the limit on the right side exists (or is +00).

Example 35 Consider the notable limit
lim In(1+ x)

x—0 x

=1

(see Table 3). We can verify this is indeed the case. Let us differentiate

_1
lim 7111(1 +2) = lim 1=
z—0 X z—0 1

=1

where the final step follows by substitution.
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1.5.3 Implicit differentiation

So far we have dealt with explicit functions, i.e. functions for which the dependent variable is
expressed in terms of the independent variable explicitly, for example

y =3+ 1.

Occasionally, though, such explicit expressions are not possible and implicit functions are
encountered. These are functions which are defined implicitly by a relation between x and y
such as

3+ y3 = 6zy.

Some implicit functions can be easily converted to explicit functions by solving for the
dependent variable in terms of the independent variable; for others this is not possible, or at
least not convenient. However, in order to find the derivative, we do not need to solve an
equation for y in terms of x. Instead we can use the method of implicit differentiation.

This consists of differentiating both sides of the equation with respect to z and then solving
the resulting equation for y’. Note that differentiating with respect to # amounts to applying
the chain rule as y is a function of x, albeit implicit. We show the procedure in a few examples.

Example 36 1. Consider 3y° — 6y* +5x% = 243. By considering y as y(z), differentiate both
sides, so that
1591y — 24yy + 302° = 0,
from which it follows that
, —102°

¥= S5yt — 8y3°

2. Consider our previous example 22 + y3 = 6xy. Then, by differentiating both sides we
obtain

22 + %y =2y + 229/
and therefore

/_2y*x2

4 Coy2 -2’

With this knowledge we can now for example obtain the tangent line in (3,3). The slope
is the derivative in the given point i.e. set x = y = 3, therefore

y = —1.
The tangent line then has equation
y—3=—(z-3)

ie.
y=6-—uz.

The implicit function and the tangent line are represented in Figure 19.
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Figure 19: Descartes folium 2% + y® — 62y = 0 and its tangent line in (3, 3).

1.5.4 Minima & Maxima of a function

In Section 1.4 we have seen that the sign of the first and the second order derivatives are
providing useful information concerning the shape of the graph of a function, i.e. in which part
of the domain it increases/decreases or it is convex/concave.

This information is important in order to be able to detect minima and maxima (if they
exist) of the function, a concept strictly linked to the idea of optimization which lies at the core
of many applications in Economics and Finance.

We start our analysis by providing the formal definitions of minima and maxima and the
different type of minima and maxima which we can encounter.

Definition 7 Consider a continuous and differentiable function f with domain X. Let c be a
number in the domain X of f Then.

1. ¢ is a point of global mazimum if f(c) > f(x) for all x € X (c also known as point of
absolute mazximum,).

2. ¢ is a point of global minimum if f(c) < f(x) for all x € X (c also known as point of
absolute minimum).

3. ¢ is a point of local maximum if f(c) > f(z) for all x near c.
4. cis a point of local minimum if f(c) < f(x) for all x near c.

5. If f is continuous on a closed interval [a,b], then f attains an absolute mazimum value
f(c) and an absolute minimum value f(d) at some points c,d in [a,b].

Example 37 Let us revisit some functions which we have already studied in Section 1.4.
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Figure 20: Global and local minima and maxima. Panel (a): z2. Panel (b): 23, Panel (c): 823 — 42% +
5z — 10. Panel (d): 3z* — 162> + 1822 on [—1,4].

1. Consider f(z) = z2. We have previously established that this function is decreasing for
x < 0, increasing for x > 0, it has a stationary point in x = 0 and it is convex. Its graph -
reported for convenience in Figure 20.(a) - shows that this function has a point of global
minimum for = 0 and no maxima. Indeed, f(0) =0 < f(x) for all z € R, which is the
domain of the parabola.

2. Consider f(z) = 23 with domain R. Then, f’(z) = 322 and f”(x) = 6x. Therefore, f’ is
always positive and the function is always increasing on R. f’(z) = 0 for 2 = 0 which is
then a stationary point. The function is also concave for z < 0 and convex for z > 0, and
x = 0 is the inflection point. Its graph in Figure 20.(b) shows that the function has no
minima or maxima. The stationary point © = 0 is therefore called a saddle point.

3. Consider the function f(x) = 823 — 42? + 52 — 10 from Section ??, Exercise 6. We have
seen that the function has no stationary points, and it is always increasing. The graph of
the function shown in Figure 20.(c) shows that the function has no minima or maxima.
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4. Consider the function f(x) = 32* — 1623 + 1822 on the interval [~1,4]. We start with the

first order derivative
f(x) = 122° — 482% + 362 = 12z(2* — 4z + 3).
To find the stationary points, let us find the zeros of f’(z), i.e. let us solve
122(2% — 42 +3) =0,

which gives as roots 1 = 0, and z9 = 1, 3 = 3. These are the stationary points. Now.
We want to know in which regions of the domain [—1,4] f'(x) > 0. Thus, we need either
x > 0 and at the same time 22 —42+3 > 0, or < 0 and at the same time 22 —4z+3 < 0.
We note that the inequality

2 —4x+3>0

is satisfied for x < 1 or x > 3. We can put all the information together in a scheme as
follows.

r<0|0<z<l|l<ax<ld3|x>3
x - + + +
2 —dz+3| + + - +
f(x) = + - +
f(x) N a N /!
Then
fl(z)<0for {-1<z<0jU{l<z<3}
and

flx)y>0for {0<x<1}U{3 <z <4}

Consequently, f(z) is decreasing on {—1 < z < 0} U {1l < z < 3} and increasing on
{0 <z <1}U{3 <z < 4}. This suggests that f(x) has minima for x = 0 and = 3 and
a maximum for x = 1.

Are these local or global extreme points? We need to check the value of the primitive
function: f(0) = 0, f(1) = 5 and f(3) = —27. We also note that at the limits of the
given domain we have f(—1) = 37 and f(4) = 32. Therefore, the function f(z) has a
local minimum in (0,0), a global minimum in (3, —27), a local maximum in (1,5) and a
global maximum in (—1,37). In (4, 32), the function has neither a local nor an absolute
maximum.

Now, let us turn our attention to the concavity /convexity of f. The second order derivative
is

f"(x) = 362% — 96 + 36.

The zeros are 71 = (4—+/7)/3 = 0.45 and 2o = (4++/7)/3 = 2.21. Consequently, as f”(z)

is a parabola with positive leading coefficient, then

4 -7 447
3 3

r <

f"(z) <0 for {
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and

f'(z) > 0 for {—1<$<4_3ﬁ}u{4+3ﬁ<33<4}.

We note in particular the following.

f’(=1) = 168>0
F7(0) = 36>0
(1) —24 <0
f(3) = 72>0.

Thus, the function f is concave at the maxima and convex at the minima. The graph is
shown in Figure 20.(d).

The latter example illustrates how we can use the derivatives of first and second order to
identify the minima and maxima of any function. We can therefore formulate two tests, one
based exclusively on the first-order derivative, and one which uses both the first and second-order
derivatives. For this purpose we require the following result (stated without proof).

Theorem 8 (Mean Value Theorem) Let f be a function that satisfies the following hypotheses.
(a) f is continuous on the closed interval [x1, z2).
(b) f is differentiable on the open interval (x1,x2).

Then there is a number c in [x1,z2] such that

o) = flaz) = fz1)

o — I1

First-order derivative test. Let ¢ be a stationary point of the function f, i.e. a point in the
domain of f such that f’(¢) = 0. Then the following situations might occur.

(a) ¢ is such that f’(z) <0 for any z < ¢ and f/(z) > 0 for any z > ¢. Then ¢ is a minimum
of the function f(x).

Proof. Let us consider first the case in which < ¢. Then f/'(z) < 0 by assumption. The Mean
Value Theorem 8 implies that on the interval [z, ]

fle) = f(=)

cC—X

<0,

which implies that f(c¢) < f(x). Let us now consider the case in which = > ¢ so that
f'(x) > 0. The Mean Value Theorem 8 implies that on the interval [c, 2]

fz) = f(e)

ie. f(x) > f(c). Thus, f(c) < f(x) for all x near ¢ (¢ excluded), and f(c) < f(x) for all
x near ¢ with ¢ included. Then by Definition 7 ¢ is a (local) minimum. H

>0,



52

(b) ¢ is such that f/'(z) > 0 for any = < ¢ and f’(z) < 0 for any > ¢. Then ¢ is a maximum
of the function f(x).

Proof. It follows from the same argument as above, mutatis mutandis.

Example 38 Consider the functions which we studied in Example 37. The function f(x) = x?

has a minimum in 0. Indeed f’(x) = 22 which is negative for x < 0 and positive for > 0, and
therefore it satisfies the first order test (condition (a)).

Let us consider now f(z) = 3z* — 162® + 1822, We found a minimum in 0: indeed for z < 0
f'(z) < 0 whilst f/(z) > 0 for x > 0 up to 1. After 1, f’(z) < 0 and by the first order test
(condition (b)) f has a maximum in 1. Note that after 3, f/(x) > 0 which gives us a minimum
in 3. Which is what we also obtained in Example 37.

Example 39 A firm short-run production function is given by
Q=6L%—0.2L3
where L denotes the number of workers.
(a) Find the size of the workforce that maximises output.

(b) Find the size of the workforce that maximises the average product of labour AP;,. Calculate
the marginal product of labor MP;, and APy, at this value of L.

We start from part (a). It means we are looking for the value of L such that the production
function hits its (global) maximum. This means we need to find the first order derivative, and
study its sign around any possible stationary point. So let us start.
First order derivative

Q =12L — 0.6L% = 0.6L(20 — L).

Therefore the zeros are L1 = 0 and Ly = 20. As the leading coefficient of the polynomial of
second order is negative, then @’ > 0 if 0 < L < 20. Our magic scheme looks like

L<0|0<L<20|L>20
L - + +
20-L| + + -
Q) | - - -
w) | N |/ \

Thus, the output is maximized for L = 20 and Q(20) = 800.
Let us continue with part (b). We need to obtain the function APy, and find its global maximum.
Thus,

AP, = £ =6L—0.2L%

the first order derivative is
AP; =6 —0.4L,
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which has stationary point in L = 6/0.4 = 15 and AP; is positive for L < 15 and negative
otherwise. Thus the global maximum is L = 15. The corresponding value of APy, is APp(15) =
45. The function MPy, is actually @' = 0.6L(20 — L) and for L = 15 we obtain MP;, = Q'(15) =
45.

Second-order derivative test Let c be a stationary point of the function f, i.e. a point in
the domain of f such that f'(c) = 0. Then the following situations might occur.

(a) f'(¢) =0and f”(c) > 0, then ¢ is a (local) minimum.

Proof. As f”(c) > 0, then

0< f//(C) _ }llg% f/(c—i_h})b_ f/(C> _ ]{E)I(l) f/(c}j_ h)

which follows as f’(¢) = 0. Therefore for sufficiently small h

f'(c+n)

3 > 0.

The above implies that f'(c4+ h) < 0 if h <0, i.e. f is decreasing as it approaches ¢ from
the left; similarly f'(c+ h) > 0if h > 0, i.e. f is increasing on the right side of ¢. By the
first-order derivative test, f has a minimum in c¢. B

(b) f'(¢c) =0 and f"(c) <0, then ¢ is a (local) maximum.

Proof. It follows from the same argument as above, mutatis mutandis. W

2 we have

Example 40 We can revisit Example 37 with the second order test. For f(z) = =
that f”(z) = 2 > 0. Thus, the function is convex and the stationary point 2z = 0 is indeed a
minimum.

For the case of the function f(z) = 3z* — 1623 + 1822, we have already computed the values of
the second order derivatives in the stationary points - see Exercise 37. These results are in line

with the second order test.

Example 41 Consider the maximization problem in Example 39. We can verify the sign of the
second order derivative in the stationary points we identified as maxima. For part (a), we have

Q" =0.6(20 — 2L),

therefore Q”(20) = —12 < 0. So L = 20 is indeed the level of workforce which allows the
maximization of the output. For part (b), we have

AP/ = —0.4 < 0,

in other words the average product of labour is a parabola with downwards concavity (the
leading coefficient is negative) and can therefore only admit one global maximum.
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Figure 21: Area between 0 and 1 underneath z2: an integration problem.

In the previous part, we considered local minima and maxima. As the examples show, any
given function can present more than one local minima/maxima. In order to determine which
one is the actual global minimum /maximum, we need to check the values of f at such candidate
points in order to select the actual global minimum and maximum.

A note. When working with functions of 1 variable, i.e. functions of the form y = f(x)
such as the ones considered so far, the first-order derivative test is usually sufficient in order to
determine minima and maxima of a function f. However, in more general cases when we consider
functions of more than one variable, i.e. of the form z = f(z,y) for example, the first-order test
becomes quite difficult to apply, whilst the second-order test is of more immediate application.

1.6 Integrals

Consider the graph of the function f(x) = 22 in Figure 21, left hand panel. We are focussing
specifically on the shaded portion of the figure, i.e. all those points which lie below the curve
f(z) and the interval [0, 1] on the horizontal axis. We want to measure this area. We can proceed
as follows.

e Divide the range of values of x in the interval of interest [a, b] into n subinterval, each of
size Az = (b — a)/n. In the case illustrated in Figure 21, right hand panel, we have fixed
n = 4, so that Az = 0.25 as [a,b] = [0, 1].

e The start-points of each interval are {0,0.25,0.5,0.75} and the corresponding values of the
function f(z) = 22 are {0,0.0625,0.25,0.5625}, whilst the end-points of each interval are
{0.25,0.5,0.75, 1} and the corresponding values of the function f(z) = x? are {0.0625,0.25,0.5625, 1}.

e Calculate the area of each rectangle formed by using the start-point of each interval and
its corresponding value of the function, and sum them. As all these rectangles have the
same base Az we compute

Sh = 0.25 (0 + 0.0625 + 0.25 + 0.5625) = 0.21875,
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which corresponds to the sum of the rectangles with blue perimeter. We can write the
above in general terms as

Sh=Y" flxi1)Ax,
=1

and we call this a lower sum.
Alternatively, calculate the area of each rectangle formed by using the end-point of each
interval and its corresponding value of the function, and sum them, i.e.

S% = 0.25 (0.0625 + 0.25 + 0.5625 + 1) = 0.46875,

which corresponds to the sum of the rectangles with green perimeter. We can write the
above in general terms as

Sy = Zn: f(zi)Az,
i=1

and we call this an upper sum. In the case illustrated in Figure 21, right hand panel, this
sum would be

As Figure 21 itself shows, both summations are quite a ‘crude’ approximation, and our scope is
to find a way of improving it. The idea is to increase the number of subinterval n (from 4 to 8,
say, then to 16, 32, 64 and so on) so that the sum of the resulting rectangles becomes more and
more similar to the shaded area which we want to measure. If this is the case, then both lower
sum and upper sum will return an identical value.

In other words, what we are actually computing is a limit for n — oo, or equivalently Az — 0,
of S!, and S¥; thus, the area A we want to measure is given by

n n
A= lim Zf(a:i,l)AJ: = li_}rn Zf(mz)A:E
=1 =1

n—00 4

The summations
n

Zf(aci_l)Ax, Zf(xz)Aw
i=1

i=1
are usually referred to as the Riemann sums. The limit of the Riemann sums is known as the
integral of f(x) and it is symbolically written as

A= /abf(x)d:c.

The scope of this section is to formalize the intuition given above in a way that is practical for
actual applications: the ‘slicing’ procedure shown above requires many slices, many rectangles,
many sums,... too many calculations!

1.6.1 The Definite Integral

Consider a function f on an interval [a,b]. Consider a partition, i.e. a subdivision, of this
interval in n subintervals identified by the points a =z <21 < - < x3; < --- < xp, = b.

Example 42 Referring to the previous illustration with f(x) = 22 on [0, 1], we consider n = 4

subintervals [0,0.25], [0.25,0.5], [0.5,0.75] and [0.75, 1], thus the points are 0,0.25,0.5,0.75, 1.
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Let us denote by

mp=_ min_ f(zr)

i.e. the minimum value taken by f over each subinterval, and

My = max_ f(zy)

Ti—1<Tp>T;
i.e. the maximum value taken by f over each subinterval. Then, the following holds.

Definition 9 (Definite Integral) If f is a function defined on [a,b], the definite integral of f
from a to b is the number

b n n
/a f(x)dx = nh_)n;o;mkAx = T}LIEO;MkAx

provided that the limits exist and coincide. If they do exist and coincide, we say that [ is
(Riemann) integrable on [a,b).

[ is the integral sign, f(z) is called the integrand function, [a,b] are the limits of integration,
with a being the lower limit and b the upper limit; for now the quantity dz indicates that x is
the independent variable and that we ‘slice’ the x range in order to build our rectangles.

Example 43 Referring to the previous illustration with f(x) = 22 on [0, 1], my coincides with
the values of the functions at the start-point of each subinterval, whilst M} coincides with the
values of the functions at the end-point of each subinterval. Consequently

n n
kaALU = Zf(xi_l)A$ ==
k=1 i=1
i.e. it is the lower (Riemann) sum, and
n n
Z MpAx = Z f(zi)Ax = S},
k=1 i=1
i.e. it is the upper (Riemann) sum.
The following properties are very useful when it comes to calculate integrals.

Properties of the definite integral

1. For any constant ¢

b
/ cdx = c(b— a);

/: cf(z)da = c/abf(x)dx;

/ (F(@) + a(a))de = / ’ fla)de + / " g(a)da:

2. For any constant c
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4.

/ab(f(w) — g(x))dx = /abf(m)dx - /abg(:v)dx;
5' /acf(x)dﬂs+/cbf($)dx:/abf(x)dx; h<e<h
6.

b a
| 1@yt = [ r@ie
7. If f(x) >0 for a <z < b, then

/a ’ fa)de > 0.

8. If f(x) > g(x) for a <z < b, then

/a ’ fla)de > / " gla)da.

9. If m and M are constants such that m < f(z) < M for a <z <, then
b
m(b—a) < / F@)dz < M(b— a).

We have not yet answered the question how do we actually calculate integrals. This is
covered in the next section.

1.6.2 How to evaluate integrals: the Indefinite Integral

Evaluation of integrals is given in the Fundamental Theorem of Calculus. As the name suggest,
this is a very important result. So, first we look at it and its proof. Then we try to understand
what it is really saying, i.e. its meaning and its implication, in order to understand what we are
really looking for.

Before all of this, though, we need to introduce the concept of indefinite integral. It will help
us to simplify a little the notation.

Definition 10 (Indefinite Integral) If f is a continuous function, the indefinite integral of
f is the family of functions

/f(m)dx =F(x)+C

for any constant of integration C, and F is any antiderivative (or primitive function) of f such
that F' = f. Further, the definite integral is the number

/ab f(x)dx = /f(x)da:

Theorem 11 (Fundamental Theorem of Calculus) Suppose f is continuous on |a,b].

b
a

Now we are ready.
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(a) If
then

(b) )
[ f@de = F@IL = F ) - Fla).
Proof. Let us start with part (a). Consider a quantity A > 0 (you can repeat the whole

argument for h < 0 the result will be the same). We have assumed that F(z) = [ f(y)dy,
consequently

x+h
Faem= [ fwy

by the properties of the integral we saw above, we have

z+h
Fa+h)~Fa) = [ )y
Divide by h both sides to obtain

F(z+h)—-F(z) ffrh f(y)dy
- - h : (4)

Since f is continuous on [z, 2+ h], there are numbers v and v in [z, x+h| such that f(u) = m and
f(v) = M, where m and M are the absolute minimum and maximum values of f on [z,x + h].
By property 9 of the definite integral

z+h
th/' f(y)dy < Mh,
ie.
z+h
fh< [ f)dy < foh.
As by assumption h > 0, we can divide all sides by h and use equation (4) to write

fluy < FEERZEE) gy

Now, take the limit for h — 0. Notice that limy_,gz + h = z and therefore limj_,ou = z and
limy, v = x, so that limy,_,g f(u) = limy_,o f(v) = f(x). Consequently, the squeeze theorem
for limits implies together with the definition of derivative that

F(z+h)— F(x)

Fl(z) =1 = .
() = lim ; f(x)
We now move to part (b) of the Theorem. We follow the ‘partition’ procedure which we saw at
the beginning of this Section. Thus, subdivide [a, b] in n equidistant points a = zg, z1,...,2, = b
such that z; — x;_1 = Az for i = 1,...,n, with
h—
Ar = @

n
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It follows that
F(b) — F(a) = F(z,) — F(xo).

Then, add and subtract the values of the function F' at each points in the interval, i.e.
F(b)— F(a) = F(xy) — F(xg) = F(xp) — F(xp-1) + F(xp_1) — -+ — F(x1) + F(x1) — F(x0).

This can be written in a compact manner as

n

F(b) = F(a) = 3 (Flai) — Flai1).

i=1

We now remind ourselves that from the Mean Value Theorem 8 there exists a point x} € [x;i_1, x;]
such that
F(J?Z) — F(a:i,l)

F(x¥) =
(7) s

)

This can be rewritten as

F(x;) — F(wi—1) = f(27)Az
as by definition F’ = f. Therefore

n n

F(b) — F(a) = 3 (Fla) — Flaim1) = 3 f(a])Ax.

i=1 =1

Now we take the limit of each side of this equation for n — oo. The left side is a constant and
the right side is a Riemann sum for the function f, so

n b
F) - F(o) = i " f(ei)Ac = [ fla)da,
i=1 a

where the last step follows from the definition of definite integral (see Definition 9). m

These results are telling us what an integral is and what the operation of integration is:
the integral is the inverse function of a derivative, and integration is the inverse operation of
differentiation.

This means that when we calculate or solve an integral, we are really looking for the function
which, once it is differentiated, gives us the integrand function.

This is very helpful information: we know how to differentiate a large family of functions.
Therefore, we should be able to trace back the primitive function which originated a given
derivative. This will help us to solve the indefinite integral.

Once we have the primitive function, i.e. we know the solution to the indefinite integral, the
definite integral can be easily calculated according to Theorem 11.(b).

Example 44 Let us consider the example we started with in Figure 21. So: f(x) = 2% on [0, 1].
The area is then .
/ 2dzx.
0

In order to solve this integral, we first look at the indefinite integral

/m2d:c.
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The Fundamental Theorem of Calculus 11.(a) is telling us to first find the primitive function of
f(x) = z2. From our classes on derivatives we know that for F(z) = z"*!

F'(z) = (n+1)2",

therefore, for n = 2, we write

3 1
/:L‘Qd:c:/ngde‘: 3/F'(x)d:n.

This implies that the primitive of " is

F(z) = n+1

Consequently the solution to the indefinite integral is

3
/a:2dx:g;)+C'.

Note the constant of integration C. By rules of differentiation, we know that the derivative of C'
is zero. Thus, we only know the solution up to the value of this constant. Howe do we find it?
We use the information that we are looking at the area only between x = 0 and x = 1. Indeed,
as F(x) = %3 +C

F)=C
and !
FQ1) = 3 +C.
The Fundamental Theorem of Calculus 11.(b) tells us that the value of our definite integral is
L, 1 1
zédr =F(1)-F0)=-+C—-C=—.
0 3 3

Remark 6 (A note for the future) There is a generalized version of part (a) of the Fundamental
Theorem of Calculus due to Leibniz which might turn out fairly useful in future applications.
It is known as Leibniz rule and states that

d (b p ] o
dz Jog) f(y;x)dy:f(x’b(x))clxb(x)_f(x’“(x))clzna(xH/au) Iy )dy.

1.6.3 Rules of integration for the Indefinite Integral

As we know how to differentiate, we also know how to integrate. We need our Table summarising
the rules of derivation and we are ready to go.

For ease of illustration, the Table is repeated here, now written in terms of integrand function
and its primitive. We need to pay a little care when it comes to the chain rule and the rule
of the product. The corresponding rules in integration are called ‘integration by substitution’
and ’integration by parts’ respectively. So these two cases are treated in more details in the
following.



Table 5: Summary: the rules of integration

[ f(x)dx F(x)
[ kdx kx+C
[ kg(x)dx k[ g(z)dx+C

[ hlg(x))g/(2)dx = [ h(w)%de

J h(u)du [Integration by Substitution]

[ a"dzx T4+ C
[ u(z)™d (z)dx st | o
J(u(@) £ g(x))dz Ju(z)de £ [ g(x)dx
[ evdx e’ +C
[ @y (a)dz eul® 4 ¢
[ Lda In(z) + C
J e da In (u(z)) + C
[ u(z)v'(z)dz u(z)v(z) — [ (z)v(z)dz [Integration by Parts]

Example 45 1.

/(—Q)dx = —Q/d:r =-2z+C.

Verify by differentiation: F'(z)

Verify by differentiation: F'(z)

= —2z + C implies F'(z) = -2

= —% + C implies F'(z) = —(—1)a 17t =272

6 5
/1O:U5d3: = 10/:U5d3: — 10l +o=25+0C.

Verify by differentiation: F'(z)

6 3

= 225 + C implies F'(z) = 262571 = 102°.

/sin(x)dx = —cos(z) + C.

We have seen in fact that cos'(z) = — sin(x).

61



62

/cos(x)d:v = sin(z) + C.

We have seen in fact that sin’(x) = cos(z).

Integration by Substitution This is the reverse of the chain rule and it states that

[ #ang @ = [ nwdu.

Indeed, consider first
[ ot @

Set u = g(x). Now differentiate to obtain

du ,
dr g (z)
or, equivalently using the differential
du = ¢'(x)dx

Then we note

and the result follows.

Example 46 1. Solve
/(x +1)%d.

Set w =z + 1. Then du = da and the integral now reads

/(g; +1)3dx = /u3du.

We can solve this using the power rule so that
4
u
/ uddu = T +C.

Final step: remember that u = x + 1, thus

/(ac—i—l)%sz—i—C.

2. Consider the integral

/ (az + b)"da.
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How do we solve it? Let’s go by substitution by setting u = ax + b. Then du = adzx i.e.
dz = du/a. Consequently

d 1
/(am +b)"dx = /u”u == /u”du.
a a

Using the power rule and then switching back to the variable x we obtain

1 1 1
bde = - [ v'du = ——— 0"+ 0= —— bt 4 C.
/(ax—i— )'dx a/u u a(n+1)u + a(n+1)(ax+ )T+
3. Solve
/ 327 + 2z 4 4
—————dx.
3+ 2?4+ 4z
Note that if u = 2® + 22 + 4, then du = (322 + 2x + 4)dz. Therefore by substitution
322+ 2z +4 d
/Wrdx: —u:ln(u)+C’:1n(x3+x2+4x)+C.
3 + 2% 4+ 4x u

4. Solve

/ SU dz.
2 +1

We note that if we set u = 22 4 1, then du = 2zdzx. Consequently

x _ fdu 1 1 9

/ 2xe de.

/Qxerdx = /e“du =e"+(C = e + C.

5. Solve

Set u = 22 so that du = 2xdx. Then

6. Solve
/ cos(z?)2xdz.

We note that 2zdx is the differential of 2. Then set v = 22, so that du = 2zdzx and
substitute to obtain

/ cos(z?)2xdx = / cos(u)du = sin(u) + C' = sin(2?) + C.

This holds as when we differentiate sin(u) we obtain cos(u).

Remark 7 We can now give a proper meaning to the dx inside the integral: it denotes that we
have differentiated with respect to x. It is indeed your differential. Consequently

Plz) = / Fa)da = / dF(z).
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Integration by parts This rule is also known as the reverse product rule (of derivatives). It
states that

/ f(@)d (@)dz = f(x)g(x) / F(@)g(a)d.

Indeed, let us define the function ¢(z) = f(z)g(z). Let us now use the product rule to find the
derivative of the function g(z):

d() = 5 = ' (@)gla) + f(@)g (@)

Hence, dq = (f'(z)g(x) + f(z)g'(z))dx, or equivalently
A (2)g(e)) = F'(@)g(@)dz + f(2)g (@)d.

Rearrange the terms to obtain

f(2)d (x)dx = dg — f'(x)g(x)dz.

Now, integrate both sides and note that [ dg = ¢ = f(x)g(z) (up to the constant of integration).

Example 47 1. Solve
/332 In(z)dz.

Let us set f(x) = In(z) (we choose the one which is not quite immediate to solve) and
g'(x) = 22, for which we know that g(z) = 23/3. Remember that f'(x) = 1/x. Then

3 3 3
2 _ AR B A
/a: In(z)dzx = In(z) 3 /:U 3 dzx = In(z) 3 73 /x dx.

We can now solve the final integral by means of the power rule, so that

3 3
/x2 In(z)dx = % In(x) — L ic

9
/:Uexdx.

Let us set f(z) = = - we choose in this way as in the resolution step we need to differentiate
f and for the identity function the derivative is simply 1 - very convenient! Also, we take
g'(z) = e* - as it is quite straightforward to find its primitive function, i.e. g(z) = e*.
Then by the rule by parts we obtain

2. Solve

/xexdx::vew—/exdas::vew—ex—i—C:ex(a:—l)—l—C.

3. Solve
/em sin(z)dx.

We can try by choosing f(z) = sin(z) and ¢'(z) = €*. Then we obtain

/em sin(z)dx = e”sin(z) — /em cos(z)dzx,
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as sin’(x) = cos(x). At this stage, it does not look like we made much progress. We might
try to apply the rule by parts once more, setting ¢'(z) = e* again and f(x) = cos(x). If
we do this we obtain that

/e”” cos(z)dx = e” cos(x) + / e’ sin(z)dz.

Thus, if we plug in into the original integral we were trying to solve, we obtain

/ ¢ sin(z)dr = ¢ sin(z) — / " cos(z)dx
= e"sin(x) — (ez cos(x) + /egc sin(z:)da:)

= ¢€"sin(x) — e cos(x) — /e"’“" sin(z)dx.

Have we managed to solve the integral? Well, yes: we just need to rearrange the terms to

write
. sin(x) — cos(z)

/ex sin(z)dzr = e — 5 +C.

The above examples show that you might have to use integration by parts more than once
in order to be able to arrive at the correct solution. The choice of which function is f and
which one is ¢’ is very important and can dictate whether or not we are going to be successful
in solving the integral. It takes quite a bit of practice.

1.6.4 Applications of integrals - some

Integration in Finance appears in many instances, from the calculation of the present value
of a continuous investment flow under continuous compounding, to the price of sophisticated
securities called derivatives such as European vanilla options. This section, aims at providing a
quick overview.

Present Value of a continuous investment flow Suppose the investor has a continuous
investment flow S per year over the next T years, an important information regarding this
investment flow is its present value today. Assume we use continuous compounding, then the
present value is

T
PV = / Se "t
0

Example 48 Assume we want the present value of £1,000 to be paid for 3 years when r = 5%
p-a. Then
1 — 015

—— =2,785.8.
0.05 ’

3
PV, = / 1,000e" %% qt = 1,000
0
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Capital formation By definition the net investment rate I is the rate fo change in the capital
formation K (t) overtime. If the process of capital formation is continuous in time, then

mw:%K@

and therefore

up to a constant of integration C.

Example 49 Assume I(t) = 140t3/* and K(0) = 150. Then

K (t) = 80t™/* +150.

Total vs Marginal We have seen in Section 1.5, that total costs and revenues are linked to
marginal costs and revenues. Seen in the light of integration, this relationship reads

TC(q) = /MC(Q)dq

and

TR(q) = / MR(q)dg.

Example 50 Assume MC(q) = 100 + ¢ and that T’C'(100) = 40, 000. Then

2
TC(q) = 25,000 + 100g + %.

1.6.5 Improper Integrals

In our study of definite integrals so far, we have considered an integrand function f defined on
a finite interval [a,b]. We now extend the concept of a definite integral to the case in which
the interval is infinite and also to the case in which f has an infinite discontinuity in [a, b]. In
either case the integral is called an improper integral - type I in the first case, and type II in the
second case.

Example 51 1. Consider the integral
o0
/ e Mz, A > 0.
0

This is an improper integral of type I as the upper limit of integration tends to infinity.

/ e*dx
0

2. Similarly the integral

is improper of type L
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3. Consider the integral

1
1
/ dx.
0 .’E—].

This is an improper integral of type II as the upper limit of integration is a point of
discontinuity (singularity) of the integrand function.

/ z Pdz.
0

This is both an integral of type I and type II, as the upper limit tends to infinity whilst
the lower limit is a point of discontinuity.

4. Consider the integral

There are quite a few occurrences of improper integrals in financial applications, mainly when
tools from Statistics are used such as expectation, variance, and moment generating function
for example. Thus, the scope of this section is to understand how we can determine a priori if
the integral is convergent or not. We want to have this piece of knowledge before attempting
solving the integral because, as we have seen in the previous sections, it might not always be
that straightforward solving integrals, so we want to attempt this only when we know it is worth
doing.

Improper Integral of Type 1

Definition 12 (a) Let f(x) be a continuous function on the interval [a,00). We define the
improper integral as

00 b
/ f(z)de = bli}rn f(z)dx

a

provided this limit exists (as a finite number).

(b) Similarly, if a continuous function f(x) is given on the interval (—oo,b], the improper
integral of f(z) is defined as

b b
/ f(z)de = lim f(z)dz

a——0o0 a

provided this limit exists (as a finite number).
The improper integrals are called convergent if the corresponding limit exists and divergent

if the limit does not exist.
/ f(z)dx

(¢) If both
| tds
are convergent, then we define

/_Zf(x)d:z::/aoof(x)dx—i—/_aoof(m)dx

and

for any a € R.
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Example 52 Let us consider some of the integrals introduced in Example 51.

1. Let us first consider -
/ e Mz, A > 0.
0

We solve the indefinite form by substitution, so that
/)\e_)‘mdaz = —e M4
The improper integral is then
oo
/ AeMdy = — lim e M +1=1
0 b—oo
as
M =0.

lim e~
b—o0

Thus, the given integral is always convergent.

/ edx.
0

(o)
/ edr = lim ¢® — 1
0

b—o0

2. Consider the integral
This integral is divergent as

but the exponential function grows to infinity, and therefore

/ e’dx = oo.
0
/ z Pdzx.
1

Let us first consider the case p # 1. Then, the indefinite form has solution

1 1
Py —
/x dm_l—pxp*1+c

Consequently, the given improper integral has value

3. Let us now consider

o 1 1 1
/ x Pdr = lim T~ :
1 1 —pb—ooo bP™ 1—p
Does the limit always exist? Are there values of p such that the integral is convergent, and

other values of p such that the integral diverges? We need to explore this in more details.
Let us start from the case p > 1 so that p — 1 > 0. Then

li !
1m ——=
b—oo bP—1

o0 1
/ z Pdy = ——.
1 p—1

=0

and
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So it is convergent. Now, let us consider the case p < 1 so that p — 1 < 0. Then

Because this integral does not exist, the original integral

o0
/ x Pdx
1
is divergent.

The final case to consider is p = 1. In this case the given solution to the indefinite form
does not work; as a matter of fact we know that

/m_ldzn = In(z) + C.

We also know that the In(x) — oo for  — oo. Therefore the integral is divergent.
Summarising, we have that
o0
/ x Pdx
1

exists and converges for p > 1, and diverges for p < 1. This is particularly useful
information for the application of the so-called comparison test, which we will see next.

Remark 8 The exponential distribution has density function
Xe ™™ >0

The previous example (part 1) shows that the integrated density function over its domain returns
1.

Proposition 13 (Comparison Test: Type I) Let f(x) and g(x) be continuous functions on
the interval [a, 00). Suppose that 0 < g(x) < f(z) for all x in the interval [a, o).

(a) If [ f (x) dx is convergent, then [° g (x)dx is also convergent.
(b) If [ g () dx is divergent, then [ f (x)dx is also divergent.

(¢) If [7°|f ()| dz is convergent, then [° f (x) dx is also convergent, and in this case, we say
that the integral faoo f (z) dz is absolutely convergent.

Similar results hold for f(z) and g(x) continuous functions on the interval (—oo, b].
The meaning of the above result is essentially the following: an area smaller than something
that converges, converges. An area bigger than something that diverges, diverges.
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Example 53 1. Consider the integral

o0 2
/ e ¥ dx.
1

‘We note that 0 < e~ < e ® for any x > 1. We know from Example 52 that integrals of

the form
oo
/ e dx
1

o0 2
/ e T dx.
1

We do not solve this integral here. It is actually not easy to solve as the primitive is a
transcendental function. However, we are going to have a look at it again later on in this
section, albeit on a different interval of integration.

converges, and so does

2. Consider the integral

As —1 <sin(z) < 1, then

From Example 52 we know that

converges (p > 1) and therefore also the original integral converges.

The above result is kind of implying some sort of proportionality, in the limit, between the
integrand function, say f, and the test function g. The point then becomes to choose a good
test function which tells us everything we need to know about the improper integral we want to
quantify. Such a useful choice is the function z7P. From the above examples, in fact, we know
how the improper integral of 7P behaves depending on the value of p. Thus, we reformulate
our Comparison Test in a useful and operational manner as follows.

Limit Comparison Test - Type I
Consider the improper integrals of type 1

/;of(w)d% /boof(w)dx,

and the corresponding limit comparison test (LCT)

- (@)
i 1y~ L

Then

p>1,LeR the integral exists and is finite, i.e. it converges
p<1,L €R*\{0} the integral does not exists, i.e. it diverges

p<1,L=0 no answer from the test.
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Note R* in the above means the set of the real numbers extended to accommodate +oo.
Further, if p > 1 but L — £oo, the integral diverges: f, when compared to g, is infinitely bigger
and therefore the improper integral diverges.

Finally, the test does not provide an answer if p < 1,L = 0 because it means that g is
infinitely bigger than f, so it could be that the improper integral of f converges anyhow even if
the one of g does not.

Example 54 1. Consider the integral

/ I N
a 77(72 + 1'2)
We use the LCT and look at the limit

_a
N o) B yxP ooy
lim ————= = lim T
z—oo P T—00 71‘('7 +x ) T

if p=2 > 1. We know that the type I improper integral of =P converges for p > 1,
therefore as in this case p = 2, the integral

(0.9]
/ S —
o T +2?)
converges as well.
2. Consider the integral
oo
v
————dx.
|, s

We follow the same reasoning as in the previous example, and check the limit

YT

N cvwy . Pt ¥
Ilm —V—%=lm ———— = —
z—oo xP zooo(y2 4+ 22) W

if p+1=2,ie p=1. However, we know that the improper integral of type I of z—!

diverges. And therefore
[t
————dzx
o (V¥ +2?)

diverges as well.

3. Consider the integral

v
o T +a?)

Via the LCT we obtain for p = 2

yer .
. 72 tz2) . yaPe
111’11 —_— = hm G =
z—o0 P T—r00 77(*7 +x )

therefore the improper integral diverges.
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4. Consider the integral

e.)
/ % te %z,
0

for a > 0. We focus only on the upper limit - we will come back to the lower limit once
we cover the type II improper integral. Then by LCT with p =2

) xaflefm ) xaflxp
lim ——— = lim
T—00 xr—P T—00 et

=0.

Thus, the integral converges.

Remark 9 The Cauchy distribution has density function

v

T . zeR
(2 + 22) o

The previous example (part 1) shows that the integrated density function over its domain returns
1. However, it can be deduced from part 2 and 3 of the previous example that for this distribution

we cannot compute the mean and the moment generating function. As a matter of fact we cannot
obtain any moment.

Remark 10 The improper integral that we saw in the previous example - part 4 - is known as
the Gamma function with parameter a, denoted as I'(a). It is the generalization of the factorial
to non integer numbers. Indeed you can prove by integrating by parts that for

I‘(a):/ e dx
0

the following recursion holds
I'(a+1) =al(a)

Example 55 We want to prove that
o
I =/ e dy = ﬁ
0 2

To begin with, consider the following integral defined for any s > 0

o0 2
/ e * Ydy.
0

We tackle this integral by substitution. Thus, set = y+/s. Consequently dz = /sdy. Then

2 1 o I
esydy:/ e Vdr = —. 5
/ V5 Jo Vs ®

Now, consider the quantity [ 12 It follows that

& 2
7 = Il/ e " dx
0

o0 2
= / Lie ™™ dx.
0
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By substitution, setting u = 22 so that du = 2zdz, i.e. dv = du/(2x) = du/(2+/u), we obtain

&0 2
I = / Le " dx
0

B OOIleud
B ﬁz

0
2
= / / e " Ydydu

where the last step follows from equation (5). Thus

112 = 1/00 </OO e_“(1+y2)du> dy;
2 Jo 0

use substitution by setting = u(1 + y?) so that dz = du(1 + y?). Then
1
I = 2/ </ u(l+y >du> dy
1 u(l4y?) b—o0
= = d
2 / Ty | Y

b—oo

= arctan(y) 0

IETCTE

Therefore

as required.
Now consider the integral

We can use the result above to calculate its value. Indeed, operate by substitution setting

y = 2/v/2 to obtain
[e.9] z2 o0
/ e zdr =2 </ €y2dy> )

o0 2 e 2 o 2
/ e Vdy = / e Ydy +/ e % dz =214,
—00 0 0

where in the second integral we operated the substitution y = —z with corresponding readjustment
of the interval of integration. Then,

[e.9] ZQ
/ e‘?dx:\@XQX\/;

and note that

—Oo
which returns

o0 ZQ
/ e 2dy =+V2m.
—0o0

An alternative proof uses polar coordinates.
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Remark 11 A fundamental statistical distribution used in Finance is the standard Normal
distribution which has density function

1 2

e T,
V2T

The previous example shows that the integrated density function over the entire real line returns
1, i.e.
* 1 22
/ ez =1.
—oo V2T

Another digression in Statistics: Characteristic Functions Moment generating functions
suffer the disadvantage that the integrals which define them may not always be finite.

Example 56 A Cauchy random variable X has density function

1
f(m):m z €R.

Hence the MGF of X is given by

0o ek

This is an improper integral of the 15 kind which does not converge unless & = 0 (which of
course is a ‘nonsense’...) In fact, if you perform the convergence test, you obtain that

kx

[& .
R 0 ifk<0
li W(llﬂj) =l
Tr—r0Q0 r—r00
(z) T 0o if k>0,
e 0 ifk>0
lim Tt e=2 1 lim e =
T——00 =)o T T——00 .
x oo if k<O.

Hence, the MGF of a Cauchy random variable does not exist.

Characteristic functions are another class of functions equally useful and whose finiteness is
guaranteed (so you might actually want to say that they are more useful than MGFs...).

Definition 14 The characteristic function of X is the function ¢x : R — C defined by
¢X (U) —F (eiuX)
fori=+/—1.

This is a common transformation and is often called the Fourier transform of the density f
of X if this quantity exists. In this case

ox (u) = [ by (@) = [ pla)da.
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The characteristic function of a random variable has several nice properties. Firstly it always
exists and it is finite (in L'): note that

ox (u)=FE (ei“X) = E (cos (uX) + isin (uX)),

hence!
lcos (uX) + i sin (uX)] := y/cos (uX)? + sin (uX)? = 1.
Then
[E (e"¥)] <E(Je"X]) = 1.
Moreover.

- There is bijection between cumulative distribution functions/probability density function
and characteristic functions: two distinct probability distributions never share the same
characteristic function.

- if X and Y are independent random variables, ¢x 1y (u) = ¢x (u) ¢y (u);

-ifa,beRand Y = aX + b, then ¢y (u) = e™ox (au).

Examples of characteristic functions * Calculations of integrals involving complex numbers
are not always pleasant; usually you should know about contour integration... but for our
purposes you can get away with only knowing about analytic continuation.

Analytic continuation provides a way of extending the domain over which a complex function
is defined. Let us start from a complez function f (like the characteristic function); this function
is complex differentiable at zy and has derivative A if and only if

f(z)=1f(20)+A(z—2)+0(z—2), V2 C.

A complex function is said to be analytic on a region D if it is complex differentiable at every
point in D (i.e. has no singularities, i.e. points at which the function ‘blows up’ or becomes
degenerate). Now, let f; and fs be analytic functions on domains D; and Ds respectively, with
Dy C D, such that fi = fo on Dy Ds. Then fs is called the analytic continuation of fi to
D5y. Moreover, if it exists, the analytic continuation of f; to Do is unique.

Consider now the MGF Mx of some random variable X; we can say that the function

MX(Z):/OOf(:L‘)ezxdx zeC

is the analytic continuation of Mx to the complex plane, if it respects the condition above.
Then, the characteristic function of X, ¢x, is the restriction of M x to the imaginary axis, i.e.

dx (u) = Mx (iu)

Note that this is the complex square of the complex number z = cos (uX) +isin (uX), and you can interpret
the notation as a norm.
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Example 57 1. Let X ~ N (0,1). The characteristic function is

1 o ux 2?
¢X ( ) vV 27T /oo
Now consider the real valued function
k2

1 & 2
My (k) = \/ﬂ/ T dr =e7,

i.e. the MGF of X. Since R(C #0, then My has analytic continuation on the complex
plane given by

22

1 & z2
Mx (z):\/%/ e rdr=e2 z € C.

Therefore, by analytic continuation

w2

dx (u) = Mx (iu) =e” 2.

2. Let X be a Poisson random variable with rate u. You can apply the same argument as
above (i.e. analytic continuation) to show that

dx (u) = My (iu) = M),
3. Consider now the gamma distribution. Analytic continuation implies that

bx (u) = (}\_)\w>a‘

4. Assume X is a Cauchy random variable, i.e.

1

e

We cannot use the analytic continuation argument because the function is not analytic
(can you spot why?). The CF exists anyhow and is equal to

¢x (u) = e,

However, to prove the result you need to use contour integration and the residue theorem
- which are beyond the scope of this module.

Similarly to the MGF, the characteristic function can be used to obtain the raw moments
and the central moments of a random variable. In particular, the following hold.

" ou o’
i"c, = dln bx (u)
du u=0

(the proof follows the same steps as in the case in which the MGF is used).
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Improper Integral of Type II

Definition 15 (a) If f is continuous on [a,b) and is discontinuous at b, then

/f )iz = lim af()

if this limit exists (as a finite number).

(b) If f is continuous on (a,b] and is discontinuous at a, then

b b
/f(ac)d:(:: lim f(z)dx

y—=at Jy

if this limit exists (as a finite number).

The improper integral ff f(x)dx is called convergent if the corresponding limit exists and
divergent if the limit does not exist.

(¢) If [ has a discontinuity at ¢, for a < ¢ < b, and both [’ f(x)dz and fcb f(z)dz are
convergent, then we define

/abf(a:)da: = /acf(m)dx—l-/cbf(x)da:

Example 58 1. Consider the integral

/ 1

—dx

0o Vv 4—x

We note that the square root at the denominator of the integrand function is defined for

x < 4. However, for the fraction to be well defined x # 4. Therefore we have a type 2
improper integral. This is a simple integral to solve. So, let’s first consider the indefinite

form
1
\/mdx = / (4— x)_1/2 dx

and solve by substitution setting © = 4 — x so that du = —dx. Then

/\/le_ixdx:—/u_l/Qdu:—Q\/él—x—i-C.

Now we can compute the improper integral as definite integral

4
limg g
de = —2
|, == vl

So, this integral converges.
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2. Consider the integral
1
/ x Pdr.
0
We have already seen the primitive of the indefinite form. This is

1 1

1 —paP~

1
1 1
/ zPdy = ——
0 1 —par-!

Similarly to the case of type I improper integral, we need to discuss the values of p as this
will change the solution. We start with p > 1. Then p — 1 > 0 and the integral returns

1 1
/ 27 Pdy = —— — 00 = —00.
0 1-p

1

Then
1

hmz~>0+

Then the integral diverges.
Set now p < 1. Then

1 1
1 1
/ xz Pdr = 2P =

Thus the integral converges.
Finally, if p = 1, then

1
17 _ 1 _
/0 x dr = ln(x)himGHOJr =00

and the integral diverges.
Summarising, the type II improper integral

1
/ z Pdx
0

converges for p < 1 and diverges for p > 1.

Also in the case of type II improper integrals, we would like to have a test which allows us
to check if the integral converges or not before solving it. We have the LCT for this scope; in
the case of the type II integral it reads as follows.

Limit Comparison Test - type 11
Consider the improper integrals of type II

/abf(:n)dx

with either a, or b or any x € (a,b), or all at the same time not in the domain of f, and the
corresponding limit comparison test (LCT)

lim f(2) = L; lim f(2)

r—a+ 1 p T—b— 1 p
r—a b—zx

=L
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Then
p<1l,LeR the integral exists and is finite

p>1,L € R*\ {0} the integral does not exists

p>1,L=0 no answer from the test.

Example 59 1. Consider the integral

/3 dx
0 l’—l

Note that the domain of the integrand function does not include z = 1, as for x = 1 the
function is undefined. Therefore, let us split the definite integral in two type II improper

integrals
/3 dz _/1 dz +/3 dz
037—1_013—1 11’—1’

and let’s check the LCT for both integrals. We start with the first one

T N C ) L

z—1_ (1 — a:)_p z—1- x—1
for p = 1; therefore the integral fol % diverges. Note that this implies that the original
integral diverges as well, as it is enough for one of the parts to be undefined. But you can
check the second integral as well.
We observe that in this case the integral could have been solved as well: the indefinite

integral is
d
/ L oz —1+C.
z—1

For x = 1 the argument is 0 and the logarithm of 0 is —oo. The function is portrayed in
Figure 22.

2. Consider the Gamma function
o0
I'(a) = / e .
0

We have already discussed the convergence for the upper limit. Now we want to look at
the convergence for the lower limit x — 0. The LCT leads to

$a—1e—z l’a_ll’p

lim —— = lim
z—04 xP z—04 e¥

Let us consider first the case in which 0 < ¢ < 1 so that ¢ — 1 < 0. Then

o lgp . P
lim = lim i
z—04 e’ z—04 't~ %

=1

for p = 1 — a; given the assumptions, this means p < 1. Therefore in this case we have
convergence. Consider now the case in which @ > 1. Then

) 0~ lxp
lim =1
z—04 e’
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Figure 22: f(z) = -1 and F(z) = In |2z — 1|. The asymptote « = 1 is indicated.

for p = 1 — a which means p < 0. Therefore we have convergence also in this case.
Summarising, the integral of the Gamma function converges.

2 Linear Algebra

Linear algebra is so named because it studies linear operators. Roughly speaking, this means
that inputs of these operators are proportional to their outputs and that the operators are
additive. Applications in Finance are almost ubiquitous. An example is as follows.

Example 60 You collected the daily returns of three stocks (Apple, Goldman Sachs, AT&T)
for a (trading) week. These are

raapr = {0.005,—0.001, 0.006, —0.023, 0.002}

rags = {0.006,—0.012, —0.011, —0.004, 0.007}
rr = {—0.015,0.009, —0.007,0.008, —0.004}.

They can also be represented in the form of a table.

Trading Day

Stock (Ticker) Day1 Day2 Day3 Day4 Daybh
Apple (AAPL) 0.005 -0.001 0.006 -0.023 0.002
Goldman Saches (GS) 0.006 -0.012 -0.011 -0.004 0.007
AT&T (T) -0.015 0.009 -0.007 0.008 -0.004
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Now, suppose you have a budget of £100 invested in the these three assets, specifically you have
£30 in AAPL, £35 in GS and the remaining in T. Then, you can calculate your total return
each trading day as

Ttot = 0.30 X rq4p; + 0.35 X rgg + x0.3577.

One way of doing this, is to manually compute the return taking the data provided in the table.
A more efficient alternative is to realize that the portfolio return is a linear combination of the
returns of the components, and then use appropriate linear algebra operators. We will come
back to this example in the following section.

The building blocks of linear algebra are matrices and vectors. We start from here.

2.1 DMatrices

We all are familiar with numbers (integers, fractions, reals, ...). In linear algebra we refer to
these numbers as scalars.

Matrices are an “ordered” collection of numbers which are stored in an object (the matrix).
The reason to store those numbers in a matrix is mainly because matrix operations (and linear
algebra in general) allows to write and compute linear combinations (i.e. combinations of sums
and products) more efficiently and faster. Therefore, it becomes easier and more efficient to
perform operations on these data, such as for example find a mathematical rule connecting the
data points (a task that you will explore in Financial Econometrics in the following years).
Ultimately, you can think of a matrix as a table.

Example 61 Back to Example 60. We have the returns of the three assets represented in the
form of a table.

Trading Day

Stock (Ticker) Day1 Day2 Day3 Day4 Day5b

Apple (AAPL) 0.005 -0.001 0.006 -0.023 0.002
Goldman Saches (G) 0.006 -0.012 -0.011 -0.004 0.007

AT&T (T) -0.015 0.009  -0.007 0.008 -0.004

These numbers can be also stored in a 3 x 5 matrix such as

0.006 —-0.001  0.006 —-0.023  0.002

R = 0.006 —-0.012 —-0.011 -0.004 0.007

—-0.015  0.009 -0.007  0.008 —0.004

where the rows represent the corporations, while the columns represent the trading days. If
we set i« = {AAPL,GS, T} = {1,2,3} and j = {Day 1, Day 2, Day 3, Day 4, Day 5} =
{1,2,3,4,5}, each element of the matrix is r; ; that is the return for company ¢ on day j.



82

More formally, a r x ¢ matrix M is a table containing numbers ordered in r rows and c
columns, that is

mi1 mi2 ... Mic

mQ’l m272 e m27c
M =

Mme1 Mp2 ... Mpc

Remark 12 When writing the element of a matrix, as well as the dimension of a matrix,
we indicate first the rows and then the column. That is mo3 is the element of the matrix
corresponding to row 2 column 3.

Further, the matrix dimension is indicated as r x ¢, but other letters can be used such as n x m
for example

A matrix is usually written with capital bold letters, while the single elements are indicated
with lower case letters.

2.1.1 Special matrices

Square Matrix A square matrix is such that » = ¢ (same number of rows and column). If
r # ¢, the matrix is called rectangular matrix.

Given a square matrix M, the elements m; j, with i = {1,...,r} and j = {1,...,7}, such
that ¢ = j, constitute the main diagonal of the matrix.

Further, if m; ; = m;,; the matrix is called symmetric.

Example 62 Consider the matrices

0.01 0.06 -4

A= B= C=1005 7 -12

-4 —-12 -6

Using the definitions, A and C are square matrices, B is a rectangular matrix, and only C is
symmetric. The main diagonal of A is {1,4} and the main diagonal of C is {0.01,7, —6}. Note
that the matrix C is symmetric: the off-diagonal elements are equal to each other in pairs, i.e.
Cij = Cji. Indeed C12 = C21, C13 = C31 and C23 = C392.

Diagonal Matrix A diagonal matrix is a square matrix with non-zero elements on the
principal diagonal (the diagonal running from top left to bottom right of the matrix), and
zeros elsewhere.

Example 63 ) )
m 0 0
10
A=[21; B=  C=lo07 0}
07
0 0 In(b)
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Upper/Lower Triangular Matrix A matrix is upper triangular if all of the entries below
the diagonal are zero, i.e., if m,. = 0 whenever r > c.

A matrix is lower triangular if all of the entries above the diagonal are zero, i.e., if m,. = 0
whenever r < c.

Example 64

A is upper triangular; B is lower triangular.

Identity Matrix The identity matrix is defined as the n x n square matrix that has on the
main diagonal 1s; all the other elements are 0s. The matrix is usually indicated as I,, (or just I
if the dimension is clear).

10000
100 0100 0
10
I, = Is=10 1 0 L=10 0100
0 1
0 0 1 00010
00001

It is a special case of the diagonal matrix.

Vectors A r-dimensional (column) vector is a r x 1 matrix, i.e. a matrix with r rows and one
column

U1

V2

Uy

(You can also define row vectors of dimension ¢ as a 1 X ¢ matrix).
Vectors are usually indicated with bold lower-case letters. The n-dimensional vector of Os is
usually written as 0,, and the n-dimensional vector of 1s as 1,, (or just 0 and 1 respectively).

Example 65 Rethinking about Example 60, the quantities we hold in our portfolio of each
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(a) Vectora=1(1 3)
3r (b) Vector b= (=1 4 3)

251 |

05} 2-\

Figure 23: 2D and 3D vectors.

assets can be represented as a column vector

30/100
w = | 35/100

35/100
Notice that vectors can also be interpreted as points on a plane.

Example 66 The vectors

2
~1 3
1
a= b=141 c=[05
3
3 1
3

are all points in the respective dimensional space. That is a is the point of x-coordinate 1 and
y-coordinate 3 in the two-dimensional Cartesian plane; b is the point of z-coordinate —1 and
y-coordinate 4 and z-coordinate 3 in the three-dimensional space; c is the point of x1-coordinate
2, xo-coordinate 3, xg-coordinate 0.5, x4-coordinate 1 and zs-coordinate 3 in a five-dimensional

space. We show the vectors in Figure 23. Of course, only vectors with at most 3 elements can
be drawn.

We can measure the length of a vector, i.e. the distance between the origin and the point
with coordinates given by the elements of the vector, using the Euclidean norm

\%

:\/v%—kv%—f—---ﬂ—v%.
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Example 67 Let us use the same vectors as in the previous example. Then

=12 + 32 = V/10.

a

HbH = /(-1 +42 4+ 3% = V26.

cll = v/22 +32 +0.52 + 12 + 32 = V23.25.

We pay particular attention to linearly dependent vectors, as these will have an important
role when we talk about rank of a matrix, determinant of a matrix and solution to linear systems.

Definition 16 (Linearly dependent vectors) A sequence of vectors vi,va, ..., vy is said to
be linearly dependent if there exist scalars wy,wa, ..., wy not all zero such that

w1v] + wevy + - -+ +wp vy, = 0.

We call the expression

wW1V] + Wava + -+ Wy Vy

a linear combination of the vectors vi,va, ..., vy,.

Example 68 Consider the vectors

These are linearly dependent as v = 2vy 4+ 3vag. Thus, the linear combination of these three
vectors with weights w; = 2, wy = 3 and w3 = —1 returns zero, i.e.

2vi+3vyg —vy3 =0

Note that in order to carry out the algebraic sum in the previous example, we operated the
sum element by element. This is indeed how sums (and subtractions) work with vectors and
matrices. We formalize this better in the following section.

Finally, linear combinations are very important in many fields such as Econometrics, for
linear regression analysis, and Finance, for portfolio theory and derivative pricing. Indeed,
portfolios of assets are linear combinations of these securities (see Example 60); in this case the
weights are represented by the percentage of the total fund invested in each security.
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2.1.2 Matrix operations

Transposition

Definition 17 Given a n x m matriz A, its transpose is the m x n matriz AT obtained by
turning all the rows of A into columns (and vice versa), that is

aii1 4ai2 ... Qaim ai1 a1 ... Gp1

a1 a2 ... a2m T a1.2 a2 ... QGp2
A= A =

Gn,1 Gn2 ... Qnm aAim A2m --- QAnm

Example 69 Given the matrices

0 -7 8

1 4 6.5
A= B=|-7 11 9

0 08 13
8 -5 3

their transpose are

1 0 0o -7 8
AT=|4 08 B'=|_7 11 -5
6.5 13 8 9 V3

If we transpose a n-dimensional column vector, we obtain the correspondent n-dimensional row
vector

X

T2 T
X = - X =\x1 2 ... xn)-

Ln

Algebraic sum (sum and subtraction)



Definition 18 Given two n X m maltrices A and B,

a1 a12 a1,m big D12 bi,m

a1 G22 a2,m ba1 b2o bam
A= B =

an,1  Qan2 Gn.m bn,l bn,2 bn,m
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the algebraic sum of the two matrices is a n x m matrix C := A + B such that

a1 b1 a2 Ebip a1,m £ b1m c1,1 €12 Clm

a1 by as2Ebao a2,m £ ba c21 €22 c2,m
C =

Qan,1 + bn,l an,2 + bn,Z an,m + bn,m Cn,1 Cn2 Cn,m

As you can see, the sum of matrices is defined only if and if only the matrices have the same
dimension. Furthermore, given a matrix A, the matrix O := A — A is called null matrix and is
composed by 0s only.

Example 70 Consider the matrices

111 3 2 1 0 -1
01 2

A=|2 2 2 B=1{21 o0 C= D=|-1 -2
3 45

3 3 3 1 0 —1 -2 -3

Then.
1. E= A + B is given by

143 142 1+1 4 3 2
E=(24+2 2+1 2+0| =14 3 2
341 340 3-1 4 3 2
2. F=A" — BT is given by
1-3 2—-2 3-1 -2 0 2
F=|1-2 2-1 3-0 |=|-11 3
1-1 2-0 3—(-1) 0 2 4
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3. G=C" +Dis given by

0+0 —1 0 2
G=1(1-1 4-2|=10 2
2-92 5-3 0 2
4. H=C+DT
0+0 1—-1 2—-2 0 0 0

3—1 4-2 5-3 2 2 2

5. J = C + D cannot be calculated as C is a 2 x 3 matrix, whilst D is a 3 x 2 matrix (the
dimensions are different).

Properties of the (algebraic) sum
1. A+ B =B+ A (commutative)
2. A+ (B+C)=(A+B)+ C (associative)

3. A+ O = A (identity element with respect to the algebraic sum)

Multiplication by a scalar

Definition 19 Given a n X m matriz A,

a1 ar2 ... Qaim

a1 G222 ... a2m
A =

aml CLnQ e amm

the matriz obtained by multiplying A and a scalar ¢, say C := c- A, is a n X m matric whose
element are the elements of A multiplied by c, that is

c-ayjp ¢-a1r2 ... C-Q1m 11 €12 ... Clm

c-az1 C€-aG22 ... C-G2m 21 €22 ... Com

C-Gp1 C-Gp2 ... C-Apm Cnl Cn2 --- Cnm




Example 71 Consider the matriz

A=
andc:%. Then C =c- A is given by
b
— 1
C= 3.6
_%-111(64)

N[ D=

N[ —

0.5
3

In(8)

Properties of the multiplication by a scalar

[u—

b-(c:A) = (bc) - A (associative)

2. ¢c-(A+£B)=c-A=£c-B (distributive 1)

3. (bxc)-A=0b-A=£c-A (distributive 2)

3.5

ol

0
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4. 1- A = A (identity element with respect to the multiplication by a scalar)

5. 0- A = O (property of the zero)

6. ¢- O = O (property of the null matrix)

Hadamard product For two matrices A and B of the same dimension m x n, the Hadamard
product AoB is a matrix of the same dimension as the operands, with elements given by a; ;b; ;.
For matrices of different dimensions (m x n and p x ¢, where m # p or n # q) the Hadamard

product is undefined.

Example 72 The Hadamard product for a 3 x 3 matrix A with a 3 x 3 matrix B is

ailp aiz2 a3

az1 agzz 23

az1 asz2 as3

b11

Example 73 Consider the matrices

A=

b12
bao

b32

b1z
ba3

b33

a1 b1t
ao1 bay

a3y b3t

a12 b2
a2 bao

a3z bso

a13 b13
ao3 ba3z

a33 b3z
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The matrix C = A o B is then
3 30 21

0 18 72

Properties of the Hadamard product
For A, B, and C matrices of the same size, and k a scalar.
1. AoB = Bo A (commutative property)
2. Ao(BoC)=(AoB)oC (associative property)
3. Ao(B+C)=AoB+ Ao C (distributive property)
4. (kA)oB=Ao(kB)=Fk(AoB)

5 Ao0=00A=0.

Matrix multiplication The above product should not be confused with matrix multiplication,
defined in the following.

Definition 20 Given an n X p matriz A and p x m matriz B, the product matriz

C =AxB

nxm nxXp pXm

18 an n X m matriz defined as

6171 6172 e Cl,m
p
21 €2 ... Cam )
C= with Cij = E aikbkj,
k=1
Cnil Cpn2 ... Cnm

fori=A{1,...,n}, j=A{1,...,n}.

Despite the definition seems complicated, what it says is very simple: firstly, to multiply two
matrices they have to have dimensions such that the product matrix exists (that is p must be
the same).

Secondly, the dimension of the product matrix is n X m.

Finally, the element i, j of the matrix C is given by the element-by-element product of the
ith-row of A with the jth-column of B (which have the same number of elements because A
and B agree in p). This is illustrated schematically as follows.



b1

ba1

b12

bao

ail

a1

a3

a12

a22

a32

Example 74 Consider the matrices

a11b11 + a12b2;
a21b11 + a22b21

az1bi1 + az2ba

a11b12 + a12b22
a21b12 + a22b29

az1bi2 + azabaa

4 5
2 3
A=11 10|; B=
4 1
3 7
Then C = A x B is given by
2 3
B:
4
4 5 8+20 12+5 28 17
A=11 10 2440 3+10| = |42 13| =C
3 7 6+28 947 34 16
i.e. _ _
28 17
C= 42 13
34 16

We can use the same logic to multiply a matrix and vector together.
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Example 75 We go back once more to Example 60 and finally calculate the portfolio return.
Let us remind ourselves that we have three assets, of which we know the returns over the past
5 trading days. We summarised this information in the matrix

0.005

0.006

—0.015

—0.001  0.006
—-0.012 -0.011
0.009 —-0.007

—0.023  0.002

—0.004  0.007

0.008 —0.004
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whilst the weights are summarised in the vector

Then the portfolio returns in each trading day are obtained via matrix multiplication, i.e.
Ttot = w'R

0.005 —0.001 0.006 —0.023 0.002

= <O.3O 0.35 0.35) 0.006 —0.012 —-0.011 -—-0.004 0.007

—-0.015 0.009 -0.007 0.008 —0.004

= <—0.00165 —0.00135 —0.0045 —0.0055 0.00165>~

Properties of matrix multiplication
1. A(BC) = (AB) C (associative)
2. A(B+£C)= AB £ AC (distributive 1)
3. (A £B)C = AC + BC (distributive 2)
4. TA = AI = A (identity element with respect to the matrix multiplication)
5. OA = OA = O (property of the null matrix)
6. Commutative law does not hold for matrix multiplication, i.e.

A xB=#BXxA;
see the previous Exercise.

A final note. Multiplying matrices with pencil and paper may take long (and even simple
mistakes can lead to very different results); luckily most software provide efficient algorithms to
calculate the product of two matrices.

Matrix inversion Matrix inversion applies to square matrices only.

Definition 21 Given a n-dimensional square matriz A, its inverse matrizc A=, if it exists, is
the n-dimensional square matriz such that

AA'=ATA =1

Also, the matrix A1 is unique.
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This is the equivalent of asking what is the reciprocal of a real number a. Of course this number
is a~! because

a-al=atla=1
Example 76 Given the matrix i i
2 5 7
A=16 3 4/,
5 —2 -3
verify that i i
1 -1 1
At =138 41 -34/,
27 29 24
is its inverse. _
[ 2-145-(=38)+7-27 2-(=1)+5-41+7-(-29) 2-145-(=34)+7-24
AAT = 6-1+3-(—38)+4-27 6-(—1)+3-41+4-(-29) 6-1+3-(—34)+4-24
51+ (=2) - (—38) +(=3)-27 5-(—=1)+(=2) 41+ (=3)(=29) 5-1+(=2)-(-34)+(-3)-24
1 0 0
=10 1 of=1I
0 0 1
[ 1-24(-1)-64+1-5 1-54(=1)-341-(-2) 1-7+(-1)-441-(-3)
A7TA =

—38-2+4+41-64(—34)-5 —38-54+41-34+(-34)-(—2) —38-7+41-4+4(-34)-(-3)

| 27-24(-29)-6+24-5  27-5+(-29)-3+24-(=2)  27-7+(-29)-4+24-(-3)

The calculation of the reciprocal of a number is straightforward: ™! =1:a = % However,
the answer in the matrix case is not as straightforward as for scalars because ‘matrix division’
is not defined. We will learn later on how to obtain the inverse matrix. But most importantly,
we are very interested in understanding if the inverse matrix is unique and if exists, i.e. when
we are allowed to invert.

The inverse matrix is unique, like the reciprocal of a real number is unique.
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About the existence, for scalars the answer is straightforward: if a # 0, the reciprocal is
exists as it is defined. It would be tempting to think that if A # O, the inverse always exists.
Unfortunately, the answer is a bit more complicated because there are matrices, different from
the null matrix, which are not invertible. We require the knowledge of nonsingular matrix, which
is explored in Section 2.2.

Other properties A useful list of other properties - which is recommended to keep in mind!

[a—

(A7) =
A+B)"=AT+BT
AB)" =BTAT
c-A)T =c-AT

- (
- (
- (

5. (A=A
. (c-A)? %-A‘l
-

AT) = (A

2.2 Rank & nonsingular matrix

For the scope of assessing whether or not a matrix is invertible, solving linear systems, and
studying minima and maxima of functions of more than one variable, we require the knowledge
of two fundamental quantities: rank and determinant. The rank can be calculated for any
matrix. Determinants can be calculated for square matrices only.

We begin with the rank.

Definition 22 Consider a r x ¢ matriz A. The rank of A, denoted as rank(A) is defined as
(a) the mazimum number of linearly independent column vectors in a matriz;
(b) the mazimum number of linearly independent row vectors in a matriz.

Statements (a) and (b) are equivalent. If no linear combination is present, then rank(A) =

min(r, ).

Example 77 Consider the matrices

1 2
1 2 12 8 12 5 o«
A: 7B: ’C:347D:
3 4 3 6 24 3 4 13 In(3)
7 13

Ais2x2 Bis2x3, Cis3x2andDis2x3. Then rank(A) = 2 as all column/row vectors
are linearly independent. Instead, rank(B) = 1 as the second row is a linear combination of row
1 (ro = 3r1). Matrices C and D have both rank equal to 2 as they do not contain any linear
combination.
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The knowledge of the rank of a matrix allows us to identify whether a matrix is invertible or
not, i.e. if the inverse matrix exists. This follows from the concept of nonsingular matrix.

Definition 23 A n x n matriz A such that rank(A) = n is called nonsingular.
A n xn matriz A such that rank(A) < n is called singular.

Note that this definition applies only to square matrices.

Example 78 The matrix

A =
3 4

from Example 77 is nonsingular. Instead, the matrix

is singular. Indeed we notice that there is a linear combination: column 2 is twice column 1.
Consequently rank(B) =1 < 2.

Finally, a square matrix A is invertible, i.e. A~! exists, if and only if A is nonsingular.

2.3 Determinant of a matrix

The determinant of a matrix A, denoted as |A| or det(A), is a number associated to each
square matrix, that provides a convenient criterion for determining whether A has full rank, or
equivalently if it is nonsingular, or equivalently if it is invertible.

We are going to learn to calculate the determinant of a matrix one step at the time, beginning
with a few simple cases of small size matrices. We will then take a small break to explore some
special determinants, which will help us in a number of occasions in the future, and which
ultimately will take us to a general rule for the calculation of the determinant of larger matrices
via the co-factors rule.

We begin our journey with the determinant of small size matrices.

2.3.1 Determinant of a 1 x 1 matrix
This is a trivial case of a matrix of the form
A = [ay].
Then |A| = a;.
Example 79 The determinant of the matrix A = [—4] is

A| = —4.
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2.3.2 Determinant of 2 x 2 matrix: the Leibniz formula

The Leibniz formula for the determinant of a 2 x 2 matrix

ain a2
A =
az G2
is
ail a2
|A| = = ai1a22 — a12a21.
a1 G2

In other words, first multiply the terms on the main diagonal, then subtract the product of the
elements on the secondary diagonal.

Example 80 Let
1 4

30
Then

Al =
30

= 0-12 =-12.

2.3.3 Determinant of a 3 x 3 matrix: Sarrus rule

We look at Sarrus rule for the determinant of a 3 x 3 matrix

ail ai2 a3

a1 Q22 agz3g| >

az1 as2 ass

as in spirit it is not too different from the Leibniz rule for the 2 x 2 matrix which we have seen
above. We still operate along the diagonals starting from the main one. We can refer to the
mnemonic scheme below.

1. The first step is to write out the first two columns of the matrix to the right of the third
column, giving five columns in a row (additional elements reported in red).

ail a2 aig| ai; an
a1 ao2 CLQS‘ as a2

asr as2 a33‘ azy as2
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2. The second step is to add the products of the elements on the diagonals going from top to
bottom (elements in blue).

a1l a2 a13\ a1l a2
a1 a2 a23\ az; a2

as1 azz asz| as asz

a11a22a33 + A12023631 + 013021032

3. Final step: subtract the products of the diagonals going from bottom to top (elements in
green).

Then

A

ai

a1

a31

a12

a22

a32

ais

a23

ass

ai; a2 |
azi | ag

‘ azy as2

a11a22033 + a12023a031 + @13021032 —

Example 81 The determinant of

is

Al

-1 9 11
1 4 7
3 0 5
-1 9 11
1 4 7 | 1 4
305 | 3 0
-1 9 11 | -1 9

0 — 20 + 189 — (0 + 45 + 132) = —8
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Remark 13 This scheme for calculating the determinant of a 3 x 3 matrix does not carry over
into higher dimensions.

Because of the previous remark, we need a more general rule, which is called the co-factor
expansions. This though require the knowledge of some special types of determinants which we
introduce next.

2.3.4 Minors and co-factors

There are some special determinants which we need to get to know, as they will be crucial for
our calculations.

Definition 24 Let A be a square matriz of dimension n.

(a) The minor of the entry in the i-th row and j-th column (also called the (i,j) minor) is
the determinant of the sub-matriz formed by deleting the i-th row and j-th colummn. This
number is often denoted M; ;.

(b) Ifi=j then M; ; = M;; is called a principal minor.

(¢) A principal minor of order k is the determinant of the k x k sub-matrices formed by
including elements from the principal diagonal. We denote it as |Ay, ;).

(d) A leading principal minor of order k is the principal minor obtained from the sub-matriz
whose row and column indices are 1,2, ....k. We denote it as |Ag|.

Example 82 Consider the matrix

-1 9 11

The minor Ms 3 is the determinant of the matrix we obtain from A if we eliminate the 2nd row
and the third column, i.e.

1 4
A p—
-1 9
Thus by Leibniz rule
1 4
Ms 3 = =5
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We can obtain the principal minor M3 3 in the same manner, by deleting from A both the third
row and column, i.e.
1 4
A=
30

so that by Leibniz rule we obtain (see Example 80)

1 4
Ms s = = —12.

3 0

This is principal minor of order 2. Other principal minors of order 2 are My ; and M3 2. But we
can also look at principal minors of order 1. These are

[A111] = |ann| =1;
|A122] = |ag|=0;
’A1733’ = ]a33] =11.

The principal minor of order 3 is of course the determinant of the original matrix, i.e. -8 (verify
this via Sarrus).

The leading principal minor are instead the determinants of the sub-matrices obtained from the
‘north-west’ corner of the matrix A proceeding along the main diagonal. Therefore, using the
rules we have learnt so far, we obtain that

the leading principal minor of order 1is |[A;| = |[1]
1 4
the leading principal minor of order 2 is |As| = =-12
3 0
1 4 7
the leading principal minor of order 3is [As| = |3 (0 5|=-8
-1 9 11

(see Example 81).

Minors will help us with the calculation of the determinant via the co-factors; but we will
encounter minors once again when we study quadratic forms in Section 2.5.
We now look at the so-called co-factors.

Definition 25 Consider a n x n matriz A = [a;j]. Let M;; denote the minor of a;;. We define
the co-factor of a;;, denoted as A;;, the signed minor

Ay = (1) M.
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Example 83 Reconsider Example 82. Then, the co-factor of aog is

A23 = (—1)2+3M23 =—-1x5=-5.

Remark 14 The sign (—1)"/ of the co-factor form a chessboard pattern with +s on the main
diagonal

2.3.5 Determinant of n x n matrix: co-factor expansion

First of all, let us revisit the 3 x 3 case for which

ajlp a2 a3
\A\ = |a21 a2 a3
asz;p as2 dass

(see equation (6)). Note that we can rearrange the previous formula as follows

G110a22a33 + A12023G31 + 613021032 — 431022013 — 32023011 — 433021012

ail a2 ais
|A[ = a1 a2 a3
a3l asz2 as3

(11022033 + 12023031 + A13021032 — 431022013 — (32023011 — (33021012
= (11022033 — (33021012

+ai12a23a31 — a32023011

+a13a21a32 — a31022013

ail a2 ail a2 a1 a2
— ag3 + a3

az; a2 as;  as2 asy  as2

= (=1)*3ag3Msz + (—1)*Tag3 Mag + (—1) a3 M3,

= ass

This means that the determinant can be calculated as

n

n
Al =31 Fag Mg = Y anAi;

i=1 =1



a1

|A‘ = |a21

a31

a12

a22

a32

ai3

a23

ass
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For the specific case of our example we chose k = 3, i.e. we fixed the third column. Equivalently,
we could rewrite our determinant as

= @11a22a33 + 012023031 + A13G21032 — A31A22013 — A320230Q11 — 433021012

ase a23 as1 a23 as1 a2
—a12 + ais

aszz2 @33 asr ass asy a32

= (D™ anMi + (=1 ParsMiz + (=1)Parz My

= an

n n
= D (=) FapMy =Y anAi,
k=1 k=1
where we fix i = 1.
So here is our co-factor expansion (or Laplace expansion/minor expansion formula), according
to which for a generic n X n matrix A we have

Al = > apdy (7)
k=1

= Z aikAi,k- (8)
i=1

The above says that you can operate in two alternative ways.

You can fix a row ¢ and compute all the co-factors that can be obtained on this row; then you
multiply each co-factor by the corresponding element of the matrix along the chosen row, and
finally you sum.

Alternatively, you can fix column k and proceed in the same way for each element on that
column. We illustrate the method with an example.

Example 84 1. Consider the matrix
4 3 2 2
0 1 -3 3
A =
0 -1 3 3
0 3 1 1
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Then, our determinant is

1 -3 3 3 2 2

Al = (-D)"aa|-1 3 3|+ (=D*azi|-1 3 3
3 1 1 3 1 1
3 2 2 3 2 2

+(=1)*ag1 |1 -3 3|+ (-D*"tas |1 —3 3

3 1 1 -1 3 3
1 -3 3

=41 3 3
31 1

as all the other elements of the first column are zero (this is why in this example choosing
the first column is convenient!). Now, all we have to do is to use Sarrus rule to compute
the determinant of the remaining 3 x 3 matrix. You can check that

|A| = 4 x (—60) = —240.

2. Consider the matrix

4 3 2 2

0 1 0 -2
A=

1 -1 3 3

2 3 1 1

We can fix by convenience the second row, as it contains some zero elements - and we
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know this will simplify our calculations. Then, our determinant is

3 2 2 42 2
Al = (=1)*Tag1|-1 3 3[+(-1)*"Pa2l1 3 3

3 1 1 2 1 1

4 3 2 4 3 2

+(=1)*Pass|1 -1 3|+ (-1)*Masa|1 -1 3

= (-1)*71)1 3 3[+ (1)1 -1 3

Therefore
|A| = 30.

2.3.6 Properties of the determinant

The determinant has a number of properties that can help quite substantially with calculations
(although beyond dimension 5 we are much better off using dedicated software packages like
Matlab - once you have input the matrix A, you can obtain the determinant by typing the
command det (4)).

We list them in the following (without proof), and then we discuss their use and some very
important consequences of these properties.

1. Let B be obtained from A by exchanging two rows (or columns). Then

[B| = —[A].

Example 85 Consider the matrix
2 1 3
A=12 4 1
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with determinant 17. Build the matrix B by inverting rows 2 and 3, i.e.

2 1 3
A=13 2 7
2 4 1

then its determinant is -17.

Let B be obtained from A by multiplying some row (or some column) by the scalar c.
Then

|IB| = c|A|.
Example 86 Consider the matrix
2 1 3
A=12 4 1
3 27

4 2 6
B=1|2 4 1
3 2 7

then its determinant is 34 (2 x 17).

An immediate consequence of this property is that if A is a m x n matrix, then the
determinant of cA is ¢"|A|.

Let B be obtained from A by adding a multiple of one row (or column) to another. Then

[B| = [A].

Example 87 Consider the matrix
2 1 3
A=12 4 1




with determinant 17. Build the matrix B by adding row 1 to row 2 of A, i.e.

2 1 3

B=1(2+2 144 3+41|=

3 2 7

then its determinant is still 17.

4. Let A and B be n X n matrices. Then

A x B| = |A||B|.

Example 88 Consider the matrices

with determinant 17, and

with determinant -15. Then
26 23
M=AxB=|7 29

19 19

2

4

38

20

25

and its determinant is —255 which is indeed 17 x (—15).

5. |AT| =|A] (it follows from the co-factor expansion).

6. Last
II,| = 1.

105
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Now, let us have a look at the implications of these properties.
Firstly. Consider a matrix in which two rows (or columns) are identical, for example

a1l a2 aig

ayp a2 a3

az1 asz2 as3

Then, we could build a new matrix B by exchanging row 1 and row 2 of A. But then, Property
1 implies
|Al = —|Bj;

on the other hand, by construction A = B and therefore
|Al = [B.
Both statements are true but contradictory, unless
|A| = 0.

Therefore, if a matrix A has two identical rows (or columns) then

|A| = 0.
Example 89 The matrix i i
4 2 2
1 3 3
2 1 1

has zero determinant - the second and third columns are identical.

Secondly, let us consider a matrix with one row (or column) equal to a linear combination
of other rows (resp. columns), for example

ail ag as
A= via11 +v2a31 v1a12 + V2a32 V1613 + V2033

asi asg ass

By Property 3 we know that
|A| = [B,
for _ -
ail a2 a3
B = lvan viaz vaiz| s

asi a32 ass
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for example. But, Property 2 tells us that
IB| = u1|C],

for

ail a2 ais
a1l a2 ais

a3z1 az2 ass

We have shown above though that |C| = 0 as two rows are identical. Therefore
|A| = 0.

In other words, the determinant of a matrix is zero any time the matrix contains a linear
combination of rows (or columns).

Example 90 The matrix

_ 1 3 9 2 _
5 8 4 3
12 19 9 14
2 3 1 8

has zero determinant: the third row is a linear combination of row 2 and row 4. Specifically
R3 =2Ry + Ry.

This property of the determinant has a number of very important implications. By definition
of rank of a matrix, we know that a matrix with zero determinant has not full rank. If it does
not have full rank, then it is singular. If it is singular, then it is not invertible. Stated differently,
consider square matrix A of size n X n. Then the following statements are equivalent.

rank(A)=n < |A|#0 < A nonsingular < A invertible

rank(A) <n < |A|=0 < A singular < A non invertible.

A further implication of the above is that the determinant of a matrix is zero if all elements
of one row (or column) are zeros. Indeed, this case can be treated as a linear combination with
weights 1 and -1 operated on the same row (column), i.e.

a1l a2 a3 ai a2 a3
A=1|o0 0 0 | = |a21 —ao1 az —age azz — a3
a3z1 azz ass as1 a2 as3

Finally, we can use Property 4 to obtain the determinant of the inverse matrix. Indeed, as
by definition A~! is such that
AAT =T,
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then
JAATY =1,

and
AATY = |A]|ATY.

Further, by Property 6
AATY = [AlATY =1,

i.e. .
AT =

Al

2.3.7 Adjoint Matrix and the Inverse Matrix

The classical adjoint matrix (or adjugate matrix) is the matrix

ade = [Aij]T,

i.e. the transpose of the matrix containing all the co-factors of A.

Example 91 Consider the matrix

1 -1 5
Then, the co-factors are
141 -4 2 142 0 2 1
A = (=) Apg = (1)1 Az = (=1)1+3
-1 5 1 5
241 3 242 2 - 243
Aoy = (—1)*F Agg = (—1)*F Agz = (—1)*F
-1 5 1 5
341 3 342 2 -4 343
Azp = (—=1)3F Agg = (—1)37F Asz = (=1)°7F
—4 2 0 2
This implies that
—-18 2 4
[Ajl=|-11 14 5|,

-10 —4 -8
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and consequently the classical adjoint matrix is

—-18 —-11 -10

adjA = | 2 14 -4

4 ) -8

Now, we have all we need to obtain the inverse matrix.

Theorem 26 Let A be a n X n matrixz. Then
A(adjA) = |A|L, = (adjA)A.

Consequently, if |A] # 0,

1 1
TN
The proof is an application of the product rule, the co-factor rule and the properties of the
determinant. So, we look at it to gain practice and understanding.
Proof. By definition of the product between to matrices (see Definition 20) we have

adjA.

B :A(ad]A) = [bij]a bij :Zaijij, k= 1,...,n,
j=1
where the last term follows from the definition of adjoint matrix. We note that

n
bij =) arAy =|A| ifk=i
j=1
by co-factors rule. However, if k& # i, b;; = 0. To see this, consider the matrix A’ = [a;j}
obtained from A by replacing the ¢-th row of A by its k-th row. Then, by properties of the
determinant |A’| = 0 (the matrix has two identical rows). On the other hand, by construction
a;j = a%j = ayj, and A;j = A;j as both are obtained eliminating the i-th row - which is the only
row by which the two matrices differ. Therefore

n n
N __ § / o § JR—
j=1 j=1

Consequently
n |A| ifk=1
B = A(adjA) = [by], by = apdij = ;

5=1 0 ifk#d

that is
B = A(adjA) = |A|L,.
A similar argument shows that (adjA)A = |A|I,.
Finally,
1
A(adjA) = |A|L, = I, = A(adjA);

A
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(pre-)multiply both side of the above by the inverse of A, to obtain

L, - @A(ade)
A7l1, = |A1|A_1A(ade)
A7l = |A1‘A_1A(ade) by def. of identity matrix
A7l = |A1‘In(ade) by def. of inverse matrix
A7l = Qade by def. of identity matrix,

as required. m

Example 92 Continuing from Example 91. We can calculate the determinant of the given
matrix using the co-factor rule fixing the first column

|A| = 2(—18) + 0 + 1(—10) = —46

(you can also verify this result using the Sarrus rule). Then, the inverse matrix is

~18 —11 —10 9/23 11/46 5/23
I 1
A lzmadez—E 2 14 -4 |=|-1/23 —7/23 2/23
4 5 -8 —2/23 —5/46 4/23

2.3.8 What is a determinant? A geometric interpretation

We start in dimension 2, i.e. two vectors x,y € R? of the form

and consider the parallelogram P they span.

To understand this geometrically, we draw the arrow from the origin to the head of the
vectors X, y, referring to Figure 24 - left hand side panel, the points X and Y.

Then we consider the vector x+y = (z1 +y1, 22 +y2), and again we draw the corresponding
arrow from the origin to the corresponding point Z = X + Y.

If we join the points we obtain a parallelogram with vertices in the origin, X,Y and Z. The
vector of the sum is the main diagonal of the parallelogram. This is called the parallelogram
law for vector addition. The symmetry of the parallelogram illustrates the commutative law
X+y=Yy+Xx

Now. We want to express the area of P in terms of the coordinates of x and y. We achieve
this, by noting that this area can be obtained from the area of the rectangle with vertices in the
origin, (x1 + y1,0), (1 + y1, 22 + y2) and (0,2 + y2) - referring to the right hand side panel of



X+Y=(r1+y,z+p)
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Figure 24: Determinant of a 2 x 2 matrix and the area of a parallelogram.
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Figure 24, this rectangle, call it R, has a perimeter delineated in blue - by subtracting the areas
of the two rectangles Q1 and @2, and the areas of the four triangles 11,715, T3 and Tj.

From elementary geometry, we know

R = (z1+4+y1)(x2+y2)

Q1 = my1 = Q2
1

T = SY1y2 = T
1

T2 = —<I1T2 = T3.
2

Then
area(P) = (z1+y1)(@2 + y2) — 222y1 — Y12 — 122
= T1Yy2 — T2Y1,

which we notice to be the determinant of t

he 2 x 2 matrix with row vectors x and y,

r1 Y1

2 Y2

In the light of the above, what does it mean that if there is a linear combination, then the
determinant is zero? Let us have a look at the plot in the left hand panel of Figure 25. We start
from the vectors x - corresponding to the point X = (z1,22) (first red arrow from the right)
and y - corresponding to the point Y = (y1,y2) (the first arrow from the left). Suppose you
keep the X point fixed and rotate the vector of Y clockwise, until it lies exactly on the straight
line starting from the origin and passing through X. The resulting vector is indicated by the
blue arrow (first from the right). But this vector is a linear combination of the vector x (you
can check that this line has equation y = mx for m = xo/x1).
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Figure 25: Linear combinations: the area of a parallelogram and the determinant.

What happens to the area of the parallelograms spanned by the vectors x and y as y rotates
towards the blue arrow? The area of these parallelograms shrinks until it collapses to zero as
shown in Figure 25, right hand panel. In other words, we lose one dimension.

Let us have a look at the corresponding matrix, then. This is given by the coordinates of
the two points on the line, i.e.

1 Y1
T2 Mmy1
Bearing in mind that x2 = mx1, then
I Y1
=0.
mxriy myp

Therefore, the area of P is non-zero as long as x and y are linearly independent (not collinear).

Similarly, moving to three dimensions, the determinant will be the volume of the parallelepiped
spanned by three vectors x,y, and z € R3, and in higher dimension it is still the volume of the
resulting parallelotope (i.e. parallelepiped in higher dimensions).

2.4 Linear Systems

Consider a system of linear equations of the form

a11x1 + a12T2 + -+ + a1pxy, = by

2171 + a90T9 + - -+ + aopxy = by

Am1T1 + Am2T2 + « -+ AmpTp = bm,

where a;;, b; are real numbers, to be solved simultaneously.
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This can be written in a compact way as
Ax=b (9)

where A is a (m x n) matrix with elements a;j, x is the n-vector of unknowns x; and b is a
m-vector with elements b;. The compact form in (9) is known as a linear system.
The problem about solving the given system can be broken down in two steps

1. Existence and number of solutions

2. Calculation of the solution(s).

2.4.1 Existence and number of solutions

The given linear system has zero, one or infinitely many solutions depending on the matrix A
and the vector b. Indeed, we observe that by properties of the inverse matrix, the system (9)
can be rewritten as

A 'Ax = A"'b;

in other words, the solution to the linear system is
x=A""b.

The above is telling us under which minimal conditions the solution to the system exists: the
matrix A has to be nonsingular, i.e. square and invertible, i.e. with full rank.

On the other hand, let a. ; be the m x 1 column vectors forming the matrix A. Then, the
system (9) can be rewritten as

ria.) +xea. 2+ -+ Tpa. gy, = b.

The above shows that in order to find a solution, we must be able to express the vector b as a
linear combination of the columns vectors of A with weights xz1,...,x,. If this is the case, the
augmented matrix A|b, which is obtained by adding the vector b to the matrix A after its last
column, cannot have full rank as b is a linear combination, and therefore ‘redundant’. Hence,
rank(A|b) = rank(A).

These results are summarized in the following.

Theorem 27 (Rouché-Capelli) The system Ax = b admits solutions, i.e. is consistent, if
and only if rank(A) = rank(A|b). Otherwise, the system is inconsistent.

Moreover, if the system is consistent, it admits oo "9FA) solutions (i.e. infinitely many
solution with n — rank(A) degrees of freedom), where n is the number of unknowns.

By degree of freedom we mean the number of variables which can be freely chosen, while the
remaining variables are determined once the free ones have been fixed.

Theorem 27 is a very useful tool as it allows us to determine the number of solutions to a
linear system, without necessarily solving it. This can help us to avoid spending time on solving
systems which cannot be solved. It also helps us to search for all the required solutions in the
case the system is consistent.
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Example 93 1. Consider the linear system

T1+2x9 = 4
3r14+x20 = 2
In this case
1 2
A =
31

which has full rank as the matrix determinant is different from zero (and therefore all
columns/rows are linearly independent). This also implies that the augmented matrix

1 2|4
Alb =

3 1|2

has rank 2 (the higher order minor is in fact 2). Consequently the solution exists. As
n = 2, the solution is also unique. In fact the matrix A is square and invertible.

2. Consider the system of equations

T+y+2z 3,
r+y+z = 1,
20 +2y+2z = 2.
The coefficient matrix is ~ _
11 2
A=11 1 1},
2 2 2
and the augmented matrix is
11 213

Ab=1|11 1|1

2 2 2|2

Since both of these have the same rank, namely 2 (note that in both matrices r3 = 2r3),
there exists at least one solution. However, the number of unknowns is 3 (z, y, z), therefore
there are infinitely many solutions with 1 degree of freedom. For example, you can fix z
equal to an arbitrary value, say &, and solve the system in function of this value.

3. In contrast, consider the system

r+y+2z = 3,
r+y+z = 1,
20 +2y+2z = 5.



The coefficient matrix is

and the augmented matrix is

Alb =

1 111

2 215
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In this example the coefficient matrix has rank 2 (note that r3 = 2r3), while the augmented
matrix has rank 3; so this system of equations has no solution, i.e. it is inconsistent.

2.4.2 Calculation of the solution

If the system is feasible and the solution is unique, we can find this solution using the inverse
matrix. Indeed, as stated above, if Ax = b, then

x=A"'b

if |A| # 0.

Example 94 Let us consider the linear systems in Example 93.

1.

We know already that the system

T + 29 4
3xr1+x2 = 2.
has unique solution as
|A| = b =—-5#0.
31
Then
A—lzi 1 =2 _ -1/5 2/5
I 3/5 —1/5
Consequently
x = A7'b
-1/5 2/5 4 0
3/5  —1/5| \2 2
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2. From the previous analysis, the system

r+y+2z = 3,
z+y+z = 1,
20 +2y+2z = 2

has infinitely many solutions with 1 degree of freedom, as the third equation is redundant.
Thus, we solve

rT+y+2z = 3
r+y+z =

Say that we fix x = . Then, the above can be rewritten as

y+2z = 3—=7,

y+z = 1—-2

Now the system is consistent and has unique solution. The inverse of the new matrix of
coeflicients is

1 -2
-1 1 ’
therefore
I = A
z
B 1 =2 3—Z B -1-z
- -1 1 1—z - 2

According to the value you choose for Z, you obtain a new vector solution. This is why
we have infinitely many solutions.

We now observe the following: as x = A~!b, then by construction of the inverse matrix

1

x:m(

adjA)b.
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Let us now perform the matrix multiplication which returns

1
x = —(adjA)b
A

biAi1 +boAo + -+ bpAn

1 | b1Ai2 +b2Ax + - + by Apo

blAln + b2A2n + -+ bnAnn

>
Z

>
g

=

>
-
S

where Ab; is the matrix formed by replacing the ¢ — th column of A by the column vector b.
This gives us an alternative way to solve the linear system which is known as Cramer’s rule.

Theorem 28 (Cramer) Let A be a nonsingular n x n matriz, and let b € R™. Then the it"
coordinate of the vector x solving

Ax=Db
18
__lAby
;=
Al

=1,...,n

where Ab; is the matriz formed by replacing the i — th column of A by the column vector b.

Example 95 Let us solve once again the linear systems in Example 93. This time we use
Cramer’s rule.

1. By Cramer’s rule, the solution to the system is given by

102
2 1
0
n= = =0
12
31
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and
1 4
3 2
—10
.'172—7:_75:2
1 2
3 1

-
Therefore x = (0 2) .

2. From the previous analysis, the system can be rewritten as

y+2z = 3—17,
y+z = 1—-2
By Cramer’s rule,
3—x 2
_1—36 1_1—|—x_ L
y= =1 = z,
1 2
11
and
1 3—-z
-z 2
z= ===
1 2
11

T
Therefore, the vector solution is = <$ —1—7 2) .

Example 96 Let us reconsider once again the problem of determining the coefficients of a
linear function y = a + bz, which passes through the points (z1,y1) and (z2,y2) which we met
in Section 1.2.1. We need to solve the system

y1 = a-+br;
Y2 = a+b$2a
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which can be rewritten as

The system is well defined as long as

1 I
=Ty — X1 7& 0.
1 T2

In this case, we can use Cramer’s rule to obtain the solution

T
o= Y2 T2 _ %2 — Y2 Y1T2 — L1y + Z1Y1 — T1Y2 o — Y2 —
X9 — I Tro — T ! 11’2—(1}1’
1 il
1 T
and
I wn
b— 1y _ Y2 — Y1
To — X
1 o 2 1
1 )
Consequently
2 — Y1
Tro — I

Solving linear systems via the inverse matrix method or via Cramer’s rule leads of course to
the same result. So we choose either of the two methods. Cramer’s rule though is particularly
effective in the situation in which we are interested not in the full vector solution, but only in
one specific element of the vector solution.

Example 97 Determine the value of z solution of the system

rT+y+z = 9,
r—2y—3z = -1,
2r4+y—2 = 3.
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As in this case we are only after the value of z, then we can use Cramer’s rule to obtain

1 1 )
1 -2 -1
2 1 3
z= =3
1 1 1
1 -2 -3
2 1 -1
(You can verify as an exercise that the full solution is (4 —2 3)7).

We can also solve parametric systems.

Example 98 Consider the linear system in parametric form

kxi+xz9o = —k
—2x1+x2+kxrs = 0
To+x3 = 2 keR.
In this case _ _
kK 1 0
A=| -2 1 &k
0 1 1

This matrix has full rank if k # 2,k # —1. For these values of k the system is consistent and
has a unique solution. We can use Cramer’s rule to show that the vector solution is

_L_
2—k
X = |_2k
2—k
4
_2_k -
If k£ = 2, instead, i i
2 10
A=1-21 2
0 11

This matrix has zero determinant as the second row is a linear combination of the first and the
third one (2rs —r1). However, the augmented matrix (A |b) has rank 3 as it has at least a minor
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of order 3. Consequently, in this case the system is inconsistent and no solution exist.
If K = —1, on the other hand,

-1 1 0
A=| 2 1 -1
0 1 1

Also in this case, the matrix contains a linear combination (r; = 0.5(r2 + r3)). However, it has
at least a minor of order 2; hence its rank is 2. The augmented matrix is

11 0|1
Ab=| 2 1 —1]0 |,
0 1 1 |2

which contains the same linear combination as matrix A. Therefore, the system is feasible and
it admits infinitely many solutions with 1 degree of freedom. In fact, set z3 = o € R. Then
r1=1—aand z9 =2 — a.

2.5 Quadratic forms

Quadratic forms are frequent in Finance, especially in portfolio theory. However, they are also
very important to prepare the ground for the analysis of minima and maxima of functions in
more than one variable, and for constrained optimization.

We begin from the Definition.

Definition 29 Given an n-dimensional column vector of unknowns/variables x and a n-dimensional
symmetric matriz of scalars A, the quadratic form associated to x and A is defined as the real
function

q(x) = x"Ax.

Notice that the dimension of

g =x A x
1x1 I1xn nxXn nxl1

is 1 x 1, that is ¢ is a number.
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If we write the quadratic form explicitly, its expression becomes more “friendly”

a172 (ILQ al,n I
T a1 G222 ... Aa2n €2
X AX: xl 1‘2 :Un
Gn1 Anp2 ... Qpn In
I
Z2
— n n n
=\ Xim @i iy aia®i - Dol Gini
In

= (a1121 +a2122 + - + an1%n) 1 + - + (@1 nT1 + a20%2 + - - F A pn) Ty,
n n

= E E ai,ja:ixj.
i=1 j=1

Due to the fact that the matrix is symmetric, that is a; ; = a;;, the last sum can be rewritten
as

n n—1 n
_ 2249 e
q(x1, ..., xn) = a;;x; + ; jT;T;
i=1 i=1 i o~

cross-product

This last expression should clarify why ¢ is called quadratic form: a quadratic form is just a
convenient way to describe a polynomial of degree 2. The expression also tells how we can
recover the matrix behind the quadratic form: this matrix has elements on the main diagonal
given by a;;, i« = 1,...,n; the elements on the remaining diagonals are the ones generated by
the cross-product term.

T1
Example 99 Let x =

Z2

1. Consider the matrix

4 0
A=
0 3
Then the corresponding quadratic form is
4x} + 323.
2. Consider the matrix
3 -2
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Then the corresponding quadratic form is

327 — 4xy29 + T3

Consider the quadratic form
x% — 8179 — 5x%.

The symmetric matrix such that
:U% — 81119 — 530% =x"Ax

is

as
23 — 8x1xy — 5as = 1 X 23 + 2 x (—4)z 20 53

As most of the times we will be interested in quadratic forms such that g(x) > 0, we give
the following definition.

Definition 30 Given a n-dimensional symmetric matriz A and n-dimensional vectors x # 0,

then

1.

AT R S

A is positive semi-definite if q(x) > 0, for all x;
A is positive definite if q(x) > 0, for all x # 0;
A is negative semi-definite if q(x) <0, for all x;
A is negative definite if q(x) < 0, for all x # 0;

A is indefinite if q(x) is either positive, zero or negative based on the choice of x.

If a matrix is positive semi-definite, ¢(x) is always a non-negative number and we can calculate
q(x).

Example 100 1. Consider the quadratic form given in Example 99.1. In this case

q(x) =423 + 323 >0
for any x1,x2 # 0. Therefore
A=
0 3

is positive definite. To understand the meaning of positive definite, let us have a look at
the plot of the function
2 = 42% + 313

in Figure 26. The positive definite matrix originates a quadratic form which is strictly
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Figure 27: Quadratic form ¢(x) originated by a positive semi-definite matrix.
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positive except at the origin, i.e. a surface which lies above the zjzs plane which goes
through the origin. In our case, we have an elliptic paraboloid which is entirely in
the positive part of z with the exception of the origin. This is opposed to a positive
semi-definite matrix, such as for example

which originates the non-negative quadratic form
q(x) = 227 + 4x129 + 223

plotted in Figure 27. In this case the corresponding surface touches the z1x2 plane along
a line through the origin, although this surface never goes in the negative z-axis space.

2. Similarly, negative definite (resp. semi-definite) matrices originate quadratic forms which
are negative (resp. non positive). Consequently, the surface corresponding to a negative
definite matrix lies in the negative part of the z-axis (except at the origin), whilst the
surface corresponding to a negative semi-definite matrix touches the ziz2 plane along a
line through the origin although it never becomes positive. These are the cases illustrated
respectively in Figure 28 for

q(x) = —4a? + 4z 29 — 5T5

and in Figure 29 for
q(x) = =223 + 4x129 — 223

3. And the indefinite form? As you can imagine, the corresponding surface crosses the xixs
plane along a line through the origin, so it has a portion which is negative, and the rest is
positive. Like in Figure 30, which portrays the quadratic form

q(x) = 22 — 8xyx9 — 513
from Example 99.3.

As the previous examples show, it is not always straightforward to determine the sign of g(x),
and consequently if the matrix is positive definite or else. We need an alternative approach. This
is offered by Sylvester’s criterion.

Sylvester’s criterion
A symmetric matrix A is

1. positive definite if and only if all of the leading principal minors are positive. This means
that all the following matrices have a positive determinant
(a) the upper left 1 x 1 corner of A,
(b) the upper left 2 x 2 corner of A,
(c) the upper left 3 x 3 corner of A,
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Figure 28: Quadratic form ¢(x) originated by a negative definite matrix.

Figure 29: Quadratic form ¢(x) originated by a negative semi-definite matrix.
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Figure 30: Quadratic form ¢(x) originated by an indefinite matrix.

(d) A itself.

2. positive semi-definite, if and only if all principal minors of A are nonnegative.

3. negative definite if and only if —A is positive definite. Notice that, due to the properties
of the determinant, it means

the upper left 1 x 1 corner of A has negative determinant,
the upper left 2 x 2 corner of A has positive determinant,

the upper left 3 x 3 corner of A has negative determinant,

and so on with alternate signs.

4. negative semi-definite if and only if all its principal minors of even dimension are non-negative
and all principal minors of odd dimension are non-positive

Example 101 We consider the matrices corresponding to the quadratic forms in Example 100
one by one.

1.
q(x) = 423 + 323 >0
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for which

4 0
A=

0 3

The leading principal minors are |Aj| = 4, |Az| = 12. Both are positive, therefore the
matrix is positive definite.

q(x) = 227 + 4x129 + 223
for which
2 2
A pr—
2 2

The leading principal minors are |A1| = 2, |Az| = 0. Which means that the criterium for
positive definite matrix is not satisfied. So, we move to check all the principal minors of
the matrix. The ones of order 1 are |aji| = 2 > 0, |agz| = 2 > 0, whilst the one of order
2 is the determinant which have already seen to be 0. Therefore, all principal minor are
non-negative, and consequently the matrix is positive semi-definite.

q(x) = —42% + 4x129 — 523
for which
—4 2
A =
2 =5
Then |A;| = —4, |Ag| = 16. The leading principal minor have alternating signs with the

first negative, therefore the matrix is negative definite.

q(x) = =227 4 4z 29 — 223
for which
-2 2
A=
2 =2
Then |A;| = —2, |Az| = 0. As the criterium for negative definite matrices is not satisfied,

we move of to the principal minors. The ones of order 1 are in sequence —2 < 0, —2 < 0,
whilst the one of order 2 is the determinant which is 0. In other words, all principal minors
are non-positive, and therefore the matrix is negative semi-definite.

q(x) = 22 — 8xy19 — 513



129

for which

A =
—4 -5

Then |A1]| =1, |Ag| = —21. The principal minors of order 1 are 1, —5 and —21. Therefore,
this form is indefinite as it does not satisfy any of the conditions of the Sylvester’s criterion.

Example 102 (A financial application.) A fund manager is trying to construct a diversified
portfolio, which contains stocks, bonds and commodity indices. Collecting and analysing monthly
data for each index for the past 5 years has revealed the following information regarding their
risk profile.

Stock Bonds Commodities

Stock 0.09 —-0.0094 —0.0143
Bonds —0.0094 0.0036 0.002
Commodities | —0.0143 0.002 0.0196

This table can be converted in the so-called variance/covariance matrix

0.09 —0.0094 —0.0143

2= 1-0.0094 0.0036 0.002

—0.0143  0.002 0.0196

in which the elements on the principal diagonal represent the risk of each individual index, whilst
the elements on the off-diagonal represent the interaction between each index. Suppose the fund

=
manager is considering the portfolio with weights w = (0_5 0.25 0'25> . The risk profile of
the portfolio is described by the quadratic form

q(w) =w'Xw = 0.0183.

This is the variance of the portfolio. However, in finance we usually refer to the volatility /standard
deviation of the portfolio which is given by

Va(w) = 13.53%;

this quantity is of course well defined if ¢(w) > 0, i.e. when ¥ is positive definite.
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Figure 31: Functions in two variables: surfaces in 3D.

3 Calculus in more than one variable

3.1 Real functions of several variables

A real-valued function of n real variables is a rule that assigns to n real numbers (z1, z2, .. .

a unique real number denoted by f(z1,x2,...,xy).

Example 103 1. The function
fl,y) = -y

with domain in R? - see Figure 31.

2. The function
f(z,y) = In(zy)
meaningfully defined only for xy > 0 - see Figure 31.
3. The function
f(afl,l’g,...,:tn) :$1+$2+~-'+:cn

with domain in R™.

Note: a very useful tool, borrowed from mapmakers, is a contour map on which points of constant
elevation are joined to form contour curves, or level curves. The level curves of a function of
two variables are the curves with equations f(x,y) = k, where k is a constant (in the range of
f) - see for example Figure 32. We met already level curves when we looked at indifference

curves from a given utility function - see Figure 9.

All the results that we have studied in Chapter 1, such as limits and continuity, for example,
can be extended to the case of functions of more than one variable in a straightforward manner.
In the following, we focus on differentiation as this plays a special role in Finance and is at the
core of constrained optimization, i.e. the typical problem to be solved in the large majority of

the areas of Finance.
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2= f(a,y) = o7

Figure 32: Surfaces and contour map.

Example 104 1. A very important task of financial planners is asset allocation; this process
consists in spreading your investments across various asset classes such as stocks (), bonds
(B) and cash/money market securities (M). Thus, the portfolio has form

fws,wp,wyp) = wgS +wpB + wyM

for (wg, wp,wyr) representing the weights of each asset. The goal of the financial planner
is therefore to choose (wg,wp,wyr) so that risk is minimized while a certain return is
achieved.

Unless otherwise specified, in the following of this section we always refer to the case of a
function of two variable, i.e. z = f(z,y), as this will allow us to gain a geometric intuition of the
several concepts we will cover. However, the results we present hold also for the more general
case of functions of n independent variables.
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3.2 Partial differentiation
3.2.1 First order partial derivatives and the gradient

Consider the function z = f(x,y). Suppose we let only z vary, while keeping y fixed, say y = yo.
Then, the function can be considered as a function of 1 variable g(z) = f(z,y0). If this is
differentiable, we call its derivative the partial derivative of f with respect to x. Similarly, we
can repeat this argument by letting y vary while keeping x fixed and obtain the partial derivative
with respect to .

The above idea is formalized as follows.

Definition 31 Let f be a function of two variables; its partial derivatives are the functions f,,
fy defined by

f(l'-f*h,@/)-f(ﬂf,@/)

fx(xay) = ]ILIL% n
) h - )
B = Jim VTN =S

Notation. If z = f(x,y), then its partial derivatives can be denoted as

0 0 0
felw) = fo= =D jayy= 2
_of 0 0z

fy(z,y) = fy—@—%f(fay):@-

All of the above are equivalent.
We usually order the partial derivatives in a column vector called gradient and denoted by
the letter V (pronounced nabla)

of
0
Vi(y) ="
of
dy
In the n-dimensional case -
of
ox1
vf($17$27 s 7xn) —
of
_8$n_

Rule for finding the partial derivatives of z = f(x,y). To find f,, regard y as a constant
and differentiate z = f(x,y) with respect to z. Similarly, to find f,, regard « as a constant and
differentiate z = f(x,y) with respect to y
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Example 105 1. Let z = 22 + 49°. We start with the first order derivative with respect to
x, which means to treat y as a constant (remember that x and y are independent)

0z 0z, o 0z, <
% = B2 (%) + 9 (4y°) (rule of the sum)

0z
— 24 =
T+ 8:13(
= 2z +0 (derivative of a constant)
= 2z.

4y5)  (power rule)

Following the same logic, we now obtain the first order differential with respect to y
treating = as a constant, so that

0z 0z 0z

3 a—y(xQ) + %(4y5) (rule of the sum)
0
= 0+ 872(4y5) (derivative of a constant)
x
= 0+4x5y" (power rule)
= 20y°
Therefore
oz
3= 2x
Vs — ozx _
g—; 20y*
2. Let z = 23 4+ 2%y3 — 2y, Then
0
o _ 322 + 2:L‘y3,
ox
and
0z
— = 32%y% — 4y.
dy Yy Y
Therefore
0z 2 3
= 3z“ 4 2zy
Vs — oz _
g—; 3m2y2 — 4y
3. Let f(x,y,2) = 22 + 3%+ 22. Then
of
SR
ar U
of
9
oy Y
and
0
—f =2z
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50 o0

40 4

20 ~

-20 +

Therefore o -
% 2z

Vi) = |9t] = |2

%5 2z

Partial derivatives: tangent planes and rate of changes In the one dimensional case,
the derivative of a function in a point returns the slope of the tangent line to the function in
the given point. Similarly, in the multidimensional case the partial derivatives of a function in
a point give the slope of the tangent plane to the surface in the given point. This is illustrated
in Figure 33, in which we consider the function

fla,y) =2 + 42,

the point (zg, yo, f(x0,y0)) and the tangent plane to f in this point with equation

g(z,y) = f(zo,y0) + %f(wo,yo)(l‘ —x0) + %f(xo, Y0)(y¥ — %o)-

Therefore, f; is the slope of this plane seen from the x axis (i.e. keeping y fixed), whilst f, is
the slope of the plane seen from the y axis (i.e. keeping x fixed).

Partial derivatives can of course be also considered as rates of change: f, is the rate of
change of f with respect to x and f, is the rate of change of f with respect to y. In this
respect, partial derivatives are essential in Economics and Finance to run sensitivity analysis.
Sensitivity analysis determines how target output variables are affected based on changes in the
input variables. It is also referred to as what-if or simulation analysis. It is usually carried out
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by changing one input at the time, leaving all the others unchanged (usually you see the Latin
phrase ‘ceteris paribus’ to indicate this aspect). If the target output variable can be expressed
via an analytical formula, then partial differentiation helps to perform the sensitivity analysis
efficiently.

Example 106 1. Consider a utility function u(x1,x2); the partial derivatives

du o ou
8.%'1 ’ 8.%'1

represent the marginal utilities (MU) with respect to good 1 and good 2, respectively, i.e.

ou

MU, = —
! 8.2?1
ou

MUy, = —.
2 8.1‘1

They quantify the change in utility from an increase in consumption of one specific good,
or service.

Total differential. For a differentiable function of two variables, z = f(z,y), we define the
differentials dr and dy to be independent variables; that is, they can be given any values. Then
the differential dz, also called the total differential, is defined by

Intuitively speaking, if x changes by a quantity h from x¢ to x¢p + h, and y changes by a
quantity k from yo to yo + k, then z changes from zg = f(zo,y0) to z = f(xo + h,y0 + k), and
we can approximate the amount of this total change as

0 0
z—zp = af(l“o,yo)‘dh ’+@f($0’y0)‘f -
dz T Y

Note that the above can be equivalently written as

z = f(zo,y0) + aaxf(wo,yo)(x —x0) + ;yf(l’oyyo)(y —0)

which is the equation of the tangent plane through (zg,yo) seen above.
Example 107 Consider the utility function U = u(x1, z2). The total differential is

ou ou
dU = —dz1 + —dx».
81‘1 ! 6&32 2
Now, assume we want to increase the consumption of good 1, x1, without changing the utility
level U. The above relation says that we need to modify the consumption of good 2, 5. How?
We can use the total differential: as we do not want U to change, then dU = 0, which means
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from which we obtain - using the concept of marginal utility introduced in Example 106 -

dl‘Q 8“/3361 MU1

dry %o, MUy
i.e. the marginal rate of substitution (MRS). The negative sign, tells us that we need to reduce

the consumption of good 2. Note that we obtained already the MRS via implicit differentiation
in Section 1.5.3: indeed it is the slope of the tangent to the indifference curves.

Implicit differentiation We can now properly formalize the implicit differentiation procedure
which we saw in Section 1.5.3. Assume that an equation of the form

F(xvy):()

defines implicitly y as a differentiable function of z, i.e. y = f(z) and therefore F(x,y) =
F(z, f(x)) = 0. If F is differentiable, we can apply the chain rule to differentiate both sides of
the equation F'(x,y) = 0 with respect to = to obtain

dx dy
F,— 4+ F,— =0.
dx + Ydx
As p
T
el
dx ’
we can rewrite the above as p
Y
F, + Yy =0, (10)
consequently
_dy B
Y= iz F,’

3.2.2 Second order partial derivatives and the Hessian

As partial derivatives are in general functions of more than one variable, we can also consider
their partial derivatives. This means that, for z = f(z,y), we are looking at the second order
partial derivative of f, denoted as

2f 02 922
fzx(xay) = foz= 922 @f(xay) ~ on2

82f 0?2 0%z
fyy(fan) = fyy = 873/2 = Tygf(xay) = 872;2

2f 8 82z

2f o 82z
fyx(xay) = fyz = m = mf(may) = Bydz

All of the above are equivalent. f;, and f,; are called mixed derivatives. For well behaved
functions

02z B 02z

0xdy  Oyox
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(Schwarz’s theorem - also known as Clairaut or Young theorem).
For convenience, we organize all the second order partial derivatives in a matrix, called the
Hessian matrix

2z 9%z
Ox2 0x0y
Hf(z,y) =
9z 9%z
Oydx  Oy?

For the general case of a function in R”, we have

or ey 9]
Ox? 0x1 Oxg 0x1 Oxy,
0% f 0 f 0’ f
Hf(IL’l, L ’xn) — (91‘2 69:1 8$% 8902 8$n

°r o o1

| Oz, Ox1 Oz, Oxo or2 |

or, by stating an equation for the coefficients using indices ¢ and j, as we learnt in Section 2.1,
0’ f

H,,f= .

’]f 81’181'3

Remark 15 The Hessian matrix is a symmetric matrix due to Schwarz’s theorem.

Example 108 1. Let z = 2% + 49°. Then

0z

2= 2x
Vs — Ox _

o) 4

see Example 105.1. Now we look into the second order derivatives. Let us first obtain the
second order derivatives with respect to . This means to take the first order derivative
with respect to x and differentiate with respect to x once again.

2 o (o
or2 Oz \ oz
0z

= %(295)

= 2

using the standard rules for differentiation. Similarly, we can obtain the second order

derivative with respect to y
#: _ o (0
oy2 oy \Jy

0z 4
= 2202
8y( 0y")

= 8013
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For the mixed derivatives, we proceed as follows. We take the first order differential with
respect to y and we differentiate it with respect to z, i.e.

?: _ 0 (0
oxdy Oz \ Oy
0z

- 7= 4

= 0

as y does not depend on x and therefore is equivalent to a constant with respect to changes
in x. clearly, we obtain the same result if we take the first order differential with respect
to x and differentiate it with respect to y, i.e.

o _ 0 (0
oydx Oy \ Oz

0z
= —(2
5 (2a)
= 0.
Consequently, the Hessian matrix is
2 0
Hz =
0 80y°
Let z = 23 4+ 22y% — 2y2. Then
g—; 3% + 2213
VZ = =
g—; 33:23/2 — 4y
see Example 105.2. Therefore
6z + 2y° 62>
H:z =

Let f(x,y,2) = 22 + 3% + 22. Then

_%_ _233_
Vg2 = %] = |2
o] 2]
see Example 105.3. Therefore
_2 0 0_

Hf(z,y,2)= |0 2 0
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4. Let z = f(z,y) = €* + €Y Then

and

The second order partial derivative can be interpreted as the rate of change of the first order
derivative. Also, it measures the convexity/concavity of a function with respect to one of the
independent variables, i.e. along the direction of the corresponding axis.

Taylor expansion The Taylor expansion of a function about a given point which we studied
in Section 1.5.1 also holds in the case of more than one variable. Thus, for z = f(z,y) and a
point (a,b) we have

f(x7y) = f(a> b) + f:}c(a, b)(ac — a) + fy(a,b)(y — b)
+% (fou(a,b)(z — a)? + 2fuy(a,b)(z — a)(y — b) + fyy(a,b)(y — b)?) +---.

The more general case of a function f(x1,...,x,) is given by

0 .
f(ﬂ?l,...,l‘n) = f(al”"’an)—'—zf(al’—',a)(fpj_aj)

= Ox;
1 & & 82f(al) aan)
O g @~ ) — ) + -

We can write the above expressions in a more compact way by means of the gradient and
the Hessian matrix, i.e. for x = (x1,...,z,), the Taylor expansion of f(x) reads

F) = f(a) + (x — ) V(@) + o (x —a) THf(a) (x —a) +

3.3 Minima and Maxima

Like in the case of functions of 1 variable, we can study the behaviour of functions in more than
one variables to determine their minimum and maximum values. We proceed very much along
the same line as in the case of 1 variable: first we find the partial derivatives and we seek for the
stationary points, i.e. the values of the independent variables for which the partial derivatives
are zero. Then, we obtain the Hessian matrix. Finally, we perform the second order test.

In details, and referring to a function of two variables, i.e. z = f(z,y). The first step requires
to find the stationary points x* = (z*, y*) such that

Vf(x*)=0.

This condition is known as the First Order Condition (FOC).
The stationary points can be classified as follows.
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Figure 34: Local minima and maxima.

1. A function of two variables has a local maximum at (z*,y*) if f(z,y) < f(z*,y*) when
(x,y) is near (z*,y*). An illustration is offered in Figure 34.

2. If f(z,y) > f(z*,y*) when (x,y) is near (z*,y*), then (z*,y*) is a local minimum value.

3. If the inequalities above hold for all points (x, y) in the domain of f, then f has an absolute
maximum (or absolute minimum) at (z*,y*). An illustration is offered in Figures 35 and
36.

4. If none of the above holds, the stationary point (z*,3*) is a saddle point. An example
of saddle point is illustrated in Figure 37. Specifically, the stationary point in this case
is (0,0); we note that in the z-direction the tangent line has negative sign for x < 0
and positive sign for x > 0 (red arrow) indicating a point of minimum. However, along
the y-direction the tangent line is positive for y < 0 and negative for y > 0 (purple line)
indicating a point of maximum. In this case, the first order test as we know it from Section
1.5.4 would be inconclusive. It is for this reason that in the case of functions of more than
one variable, we need necessarily to study the second order partial derivatives.

The implementation of the second order test in the multidimensional case is based on the
Hessian matrix. To see this, let us consider the Taylor expansion of f(x) about the stationary
point x* up to the second order

FO) = FO) + V) (6= %) o= ) THG (6 7).

As x* is a stationary point, then
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Figure 36: Global minimum.
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Figure 37: Saddle point.

and therefore .
Fx) = fx7) + 55 (x — x*)THf (x*)(x — x¥).

Then, for x* to be a maximum, we require f(x) < f(x*); but from the equation above, this
holds only if
(x —x) THf(x*)(x — x*) <0.

Similarly, for x* to be a minimum, we require f(x) > f(x*); but from the equation above, this
holds only if
(x —x) THf(x*)(x — x*) > 0.

However, the form
g(x") = (x = x*) THf(x")(x — x*)

is a quadratic form like the ones we have seen in Section 2.5. Hence, we can use Sylvester’s
criterion on the Hessian matrix to determine if the stationary point x* is a maximum, a minimum
or a saddle point.

Therefore, the second order test is formalized as follows.

Let x* be a stationary point of f(x). Let Hf(x*) be the Hessian matrix of f in x*.

1. If Hf(x*) is positive definite, i.e. if its leading principal minors are all positive, then x* is
a global minimum.

2. If Hf(x*) is positive semi-definite, i.e. if its principal minors are all nonnegative, then x*
is a local minimum.
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3. If Hf(x*) is negative definite, i.e. |H;| < 0, [Hz| > 0, |H3| < 0,..., and so on with
alternate signs, then x* is a global maximum.

4. If Hf(x*) is negative semi-definite, i.e. if all its principal minors of even dimension are
non-negative and all principal minors of odd dimension are non-positive, then x* is a local
maximum.

5. If f is a function of 2 variables, and if Hf(x*) is indefinite, then x* is a saddle point
(although this is just a sufficient condition).

The above are known as the Second Order Conditions (SOC).
Example 109 1. Consider the function
f(z,y) = 422 + 39°.

The gradient vector is

8z
Vf(z,y) =
6y
Therefore, the FOC returns one stationary point at x* = (z*,y*) = (0,0). The Hessian
matrix is
8 0 4 0
Hf(z,y) = =2
0 6 0 3

We know from Exercise 100.1 that this matrix is positive definite. Therefore, the given
function has a global minimum in the origin.

2. Consider the function f(x,y) = —zy. Then, by differentiation we obtain that the gradient
vector is
-y
Vi(z,y) =

—x

Therefore, the FOC returns one stationary point at x* = («*,y*) = (0,0). The Hessian
matrix is
0 -1
Hf(z,y) =
-1 0

Note that |H;| = 0 and |Hz| = —2. Then the stationary point is a saddle point. This
function is plotted in Figure 31 - left hand side panel.

3. Consider the function f(x,y) = In(zy). The corresponding gradient vector is

1
Vi(z,y) = T

Y

Therefore, there are no stationary points. This function is plotted in Figure 31 - right
hand side panel.
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Figure 38: Constrained Optimization. Constraint: g(x,y) = 22 + y? = 1 plotted in red. Left hand side
panel: 3D representation. Right hand side panel: corresponding contour map.

4 Optimization and Applications in Economics and Finance

In the previous sections we learnt how to study minima and maxima of functions, a process also
known as optimization. In the context of Finance and Economics optimization is at the core
of many important applications; however, more often than not, it is carried out in presence of
constraints. For example, consumers usually have budget limitations, in the sense that they can
only use a limited part of resources for purchasing goods. Consequently, they need to choose
the best allocation of their funds as to optimize their utility. Similarly, an asset manager has
the task of choosing the allocation within the portfolio as to minimize the risk of this portfolio;
the manager though has not infinite resources for this scope, and cannot sacrifice too much
return on the portfolio returns either. This is another example of constrained optimization:
find the optimal asset allocation subject to achieving a certain returns level and a given budget
constraint.

In presence of constraints, the first and second order tests no longer work the way we
previously saw; indeed, due to the presence of the constraint, the function might no longer
achieve its optimum value in correspondence of the ‘natural’ (i.e. unconstrained) minima and/or
maxima. This is illustrated in Figure 38: if we are only allowed to stay on the constraint (the
red circle), we cannot reach the actual minimum and maximum of the function which lie away
from the constraint.

Thus, the scope of this final section is to understand the basics of constrained optimization:
how do we find minima/maxima of functions of one or more variables, x = x1,x9,..., 2y, in
presence of constraints on the independent variables. In general terms, the problem is formalized
as follows

max f(x) mxin f(x)

or
st g(x)=c st g(x)=c
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according to whether the task is to maximize or to minimize. The function f(x) is the objective
function, the function ¢g(x) determines the constraint. We could have more than one constraint.
Further, in the following we will consider only equality constraints, i.e. of the form

g(x) =c.
However, a more general theory can be develop for inequality constraints of the form
9(x) <,

which we do not cover here.

In order to keep the presentation simple and intuitive, we work in the setting of a function
of 2 independent variables, f(x,y), and one equality constraint. The main results hold also in
case of more variables and constraints.

We have different ways of solving a constrained optimization problem; the choice of the
method depends heavily on the nature of the constraint and the number of variables involved.
The methods in question are substitution, implicit differentiation (yes: we have met this already),
and the more general Lagrange multiplier method - named after the mathematician Joseph-Louis
Lagrange.

4.1 Solving by substitution

In certain instances, it is possible to write the constraint in explicit form, i.e. you can explicit
y as a function of = just based on the constraint. Then, you can substitute into the objective
function, and then proceed with standard optimization (unconstrained) for the new objective
function.

Let us illustrate this procedure in an example.

Example 110 Consider a consumer with utility function
U(z,y) = zy + 2z,

and a budget of £60 for expenditure. The prices of the two goods are P, = 4 and P, = 2.
Determine the consumer’s optimal bundle and the corresponding value of the utility function.
Given the information above, this is equivalent to say that the budget line has equation 4x+2y =
60. Therefore, the optimization problem can be formalized as

max U(z,y) = zy + 2z
x7y
s.t 4z + 2y = 60.

In order to tackle the above problem by substitution, let us explicit y in terms of z in the
constraint, i.e.
y =30 — 2z,

and then substitute in the utility function
Ulz,y) = zy + 2z = 2(30 — 2z) + 22 = 322 — 22% = u(x).

In this way, we reduced the number of independent variables to 1, i.e. z. The optimization
problem then can be rewritten as

max u(z) = 32z — 22°.
x
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Then, we can use the results from Calculus in 1 variable: the first order condition reads
W'(z)=32—42=0
which returns x = 8 which is the stationary point. Now check the second order condition
u'(z) = —4 <0,

which implies that the stationary point is a point of maximum. In order to obtain also the y
coordinate, substitute in the constraint to obtain y = 30 — 2 x 8 = 14.
In conclusion, the constrained optimization problem

max U(z,y) = zy + 2z
x7y
st 4z 42y =60

has solution in (z*,y*) = (8,14). The value of the objective function in the optimum point is
U(z*,y*) = 128.

The substitution method is quite simple to implement. However, when functions are more
complex, or when there are several constraints to consider, the technique of substitution could
become burdensome.

4.2 Solving by implicit differentiation

A potential alternative method uses the technique of implicit differentiation, based on the idea
that in the point of optimum the constraint and the objective function should be tangent to each
other. Let us consider again the previous Example 110 and solve it now by implicit differentiation
- this will also prepare the ground for the more general Lagrange multiplier method.

Example 111 The problem in question is
max U(x,y) = zy + 2z
x’y
st 4z + 2y = 60.

As the constraint defines y as a function of z which we now consider as implicit, we can obtain
the slope of the budget line by implicit differentiation, so that

2+ =0,

i.e.

y = —2.
Now, let’s obtain the information about the slope of the tangent to the utility function for some
value @ of U(z,y), i.e. set

u=xy+ 2x
then differentiate so that
y+azy +2=0
from which we obtain
y/ _ —2-—y

xT
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For tangency we require the slopes to be the same, therefore

—2—y
=

-2

which leads to
Yy =2x — 2.

This line is the locus of the points such that the slope of the tangent line to the indifference
curves y' is equal to the slope of the budget line —2. In order to find the optimal bundle we can
look for the intersection between the budget line and the locus of points we have just identified,
as to place ourselves directly on the ‘frontier’ so that all of our budget is used. The solution
leads to x = 8 and y = 14.

Once again, in presence of more complex functions with more variables, or several constraints,
this technique could become cumbersome and actually quite difficult to implement. However,
the idea of implicit differentiation helps us to build the Lagrange multiplier method explained
in the next section.

4.3 Solving by Lagrange multipliers
4.3.1 An intuitive take

Let us formalize the implicit differentiation method seen in Example 111.
We start from the optimization problem stated in its general form

mfx(min)f(x)

st g(x) =c.

The constraint g(z,y) = c¢ defines y implicitly; assuming g(z,y) is differentiable, then by
implicit differentiation as in equation (10) we obtain

9z +gyy’ =0
(remember to use the chain rule), from which it follows that

/ 9z
y =—-——
9y

This is the ‘slope’ of the tangent to the constraint for every possible value of x and y.
We can repeat the same as above for the objective function, bearing in mind that y is an
implicit function of . Thus, choose an arbitrary value z and set

z = f(z,y),
then once again by implicit differentiation
0=fa+f yy,-

In order to find the point of tangency between the objective function and the constraint, we
need to use 3 obtained from the constraint, i.e.

O:fx—fyzi. (11)
Yy
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Now, set

_hy
A= (12)

then the expressions (11) and (12) can be rewritten as

o —Agz =

fy — Agy 0.

Thus, the point of constrained optimum must satisfy the conditions

fe—=2Agz = 0 (13)
fy=2Agy = 0 (14)
g(z,y) = «c (15)

Conditions (13)-(14) ensure that the gradient of f is the same as the gradient of g up to a
constant A, which is known as the Lagrange multiplier. Condition (15) ensures that the equality
constraint is satisfied.

The above could be seen as equivalent to the first order conditions of a new objective function

the function £(z,y, A) is known as the Lagrangean function.

As we know from Section 3.3, the first order conditions only identify the stationary point,
but they do not classify it, i.e. they do not tell us if the point is a minimum, a maximum or a
saddle. We require the second order conditions for this purpose. But we have a constraint. So,
the Hessian matrix of f is not going to help us.

On the other hand, we know by the previous argument that y is an implicit function of z
defined through the constraint, and therefore the objective function is in reality a function of
x only. Set z = f(x,y). We know the first order derivative of this function, in which we can
incorporate the constraint condition via ¢/, i.e.

dz 9z

% - f T f yg-
Let us then differentiate the above - using again implicit differentiation and the chain rule - to
obtain

d?z
@ = fx:p + fxyy/
e Goz + 9xyY )9y — 92(Gyx + gy’
_(fyx"'_fyyy/)i_fy( Y )y 5 (y vy )
gy gy
1
= ? ((fm: - /\gm)gg + (fyy - /\gyy)gi - 2(fmy - )\gxy)gxgy) )
Yy

where we used the expression for 3’ and the definition of the Lagrange multiplier given by
equation (12). The stationary point then is a maximum if

d?z

@<O,



i.e.

(f:r:a: - Agzx)gz + (fyy - )\gyy)gf« -

Admittedly the condition above is quite lengthy, but we could remember it more easily if we see

it as the determinant of the matrix

fxa: - )‘gacx
fﬂcy — AGzy
—Jz

fxy - )\gxy
fyy — Agyy

—Jzx

_gy

0

Z(fxy - )\ga:y)gxgy <0.

which can be easily verified via the Sarrus rule.
If we look again at the Lagrangean function defined in equation (16), we notice that its
Hessian matrix is actually

faca: — AJzx fxy - )\gxy 9z
H‘C(J;) Y, )‘) = f;):y - )\g:ry fyy - )\gyy _gy
i —Jz —Gy 0 ]

Therefore we conclude that the stationary point identified by the first order conditions (13)-(15)
is a maximum if

d?z
— <0
dx? <5
i.e. )
d*z
a2 —|HL(z,y,\)| <0,

or, equivalently
[HL(z,y,\)| > 0.

For the minimum, we ask for
HL(z,y,\)| <O0.

The matrix HL is known as the bordered Hessian.
Thus, the procedure to find the constrained optima is as follows.

1. Write the Lagrangean function
Lz, y,A) = f(z,y) — Mg(z,y) — o).

2. Impose the FOC to identify the stationary points

VLyy=0;, —g(x,y)+c=0.
3. Obtain the bordered Hessian
Jox = Agaw Sy — Moy — 02
HL@ 9, A) = | fay = Moy Fow = Agyy —00 | -
| % 9y 0




150

and compute its determinant. If |[HL| > 0, the stationary point is a local constrained
maximum. If |[HL| < 0, the stationary point is a local constrained minimum.
Example 112 Let us consider once again Example 110. Let us build the Lagrangean function
L(x,y,\) = zy + 22 — AM(4x + 2y — 60).
The first order conditions are

Lo=y+2—4X=0, ie y=4X—-2
Ly=x—-2\=0, ie z =2\
4 + 2y =60, i.e. 16\ =064

so that
(", y*) = (8,14), X" =4.

Furthermore

HCZL=1|11 0o -2/;

-4 -2 0

consequently [HL| =16 > 0, and therefore (z*, y*) = (8,14) is the local maximum.

4.3.2 Method of Lagrange multipliers: the full formulation

Although the treatment of the constrained optimization problem via the method of the Lagrange
multiplier has been given for the case of 2 variables and 1 equality constraint, the argument
essentially is identical for more variables and more equality constraints. We need ‘only’ to
slightly generalize the SOC to a formulation in spirit not too dissimilar from the Sylvester
criterion. We summarize all of our findings together with this much needed generalization in
the following.

Theorem 32 (The method of Lagrange multipliers) Consider the general problem of constrained

optimization
max(min) f(x)
X
s.t g1(x) =1
g2(x) = 2

Im (X) =Cm

for x = x1,x9,...,x, and differentiable functions f,g1,...,9m. Let A = A, Ao, ..., A\, and
define the Lagrangean function

L) = f(x) = A(91(x) — 1) =+ = A (gm(X) — ¢m)-
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1. The optimum x* to the given constrained optimization problem is the solution to the first
order conditions

VxL(x,A) =0
g1(x) =1
g2(x) = ¢ ) (17)

9m (X) =Cm

where VL denotes the gradient vector containing the first order partial derivatives with
respect to x1,Ts,...,T, of the Lagrangean function.

2. The optimum x* is a point of local (constrained) mazimum if |HL| has the same sign as
(=1)™ and the remaining first n — m — 1 principal minors of the bordered Hessian HL
alternate in sign.

3. The optimum x* is a point of local (constrained) minimum if |HL| and the remaining first
n —m — 1 principal minors of the bordered Hessian HL have the same sign as (—1)™.

It is understood that if none of the above mentioned second order conditions is satisfied, the
stationary point cannot be classified.

Example 113 1. Consider the problem

max z2 + y2
T,y

st 22+ 2y +y? = 3.
In order to solve it, let us first build the Lagrangean function
L(z,y,\) = 2>+ 9% — ANz +zy +9° - 3).

Then, let us derive the first order conditions

%§:2fo@$+w =0
oL
9y y — M + 2y) 0

2 rzy+y? = 3.
Consider the first two conditions: by rearranging we obtain

Yy
2v+y x+2y

which implies 4?2 = 22, i.e. y = |z|. By substituting into the constraint, we obtain

222 + z|x| = 3.



152

If y = z, then x = +1 and therefore the stationary points are P; = (—1,—1), P, = (1,1,),
as

2
A=
2 +y
the Lagrange multiplier is therefore 2/3 in both cases. If y = —x, then the stationary

points are P3 = (—\/3, \/3) and Py = (\f, _\/§) The Lagrange multiplier is in both
cases 2.

Note that another possible solution to y = |z| is the origin, i.e. (0,0); however, this is not
an admissible solution as it does not satisfy the constraint.

Let us now consider the second order conditions, in order to be able to classify the four
stationary points we have just obtained. To begin with, let us derive the bordered Hessian
matrix

2—2)\ —A —2r—vy
HL=| -\ 22\ —x—2

—2r—y —x—2y 0

We have 2 independent variables, i.e. n = 2, and 1 constraint, i.e. m = 1. Thus we need
to check only n —m = 1 principal minor, which is the determinant of the full matrix. For
Py, Py, A =2/3, therefore

2 2 2 2

3 —3 3 3 —3 —3
Hﬁ’P1 = —% % 3 HL|p, = —% % -3

3 3 0 -3 -3 0

The determinant is -24 in both cases (note that the bordered Hessian in P, is the same as
in P; with both row 3 and column 3 changed of sign - see Properties of the determinant).
Thus, it is negative, i.e. it has the same sign as (—1)™ = (—1)! = —1 < 0. Therefore P;
and P, are both local constrained minima.

For Ps, Py, A = 2, therefore

HL|py=|-2 -2 -3| HLlp=| -2 -2 3|;

VB VB 0 V3 VB0

the determinant is 24 in both cases, i.e. it is positive. This is the same sign as (—1)" =
(—1)2 = 1. Therefore P3 and P, are both local constrained maxima. In conclusion, the
given problem has solution in P3 and Py as these are the only (local) constrained maxima;
furthermore the optimal value of the objective function is 6 in both points.

2. Consider the problem

min 22 + 3% + 22
$71/7'2:

ste+y+z=1
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As above, let us first build the Lagrangean function
L(x,y,\) =2? + >+ 22— Nax+y+2z—1).
Then, let us derive the first order conditions

oL

—=2r— ) =

9 x 0

oL

7:2 —_ e

3y y— A 0

oL

— =2z—-\ =

9% z 0
r+y+z = 1

The first three conditions imply A = 2x = 2y = 2z i.e. * = y = 2. By substituting into
the constraint, we obtain 3z = 1, and therefore

Consequently the stationary point is
111 2
P = 9299 | )\ = 5
3°3°3 3

Let us now consider the second order conditions, in order to verify that the stationary point
we have just obtained is indeed a minimum. To begin with, let us derive the bordered
Hessian matrix

HL =

-1 -1 -1 0

We have 3 independent variables, i.e. n = 3, and 1 constraint, i.e. m = 1. Thus we need
to check n — m = 2 principal minor. The first one is the determinant of the full matrix.
We use the method of co-factors working on, for example, the first column, so that

2 0 -1 00 —1
HL| = (-D)'x2x|g 2 —1/+EDM(=1)]2 o -1
1 —1 0 02 -1

= —12<0.

We note that the sign of [HL| is the same as the one of (—1)" = (-1)! = -1 < 0.
The second principal minor is the one we obtain from the bordered Hessian by removing
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the first row and the first column (see Definition 24), i.e. from the matrix. Consequently

Mis(HL)=|0 2 -—1/=-4<0.

-1 -1 0

Thus, M;; has the same sign as [HL|. By Theorem 32 the point P is indeed a local
constrained minimum. The optimal value of the objective function is 1/3.

3. Consider the problem

max ryz
x?y?'z

st. 2?2 +9y2 =1

rz+z=1.

As above, let us first build the Lagrangean function
L(z,y,,2, A1, ) = zyz — Mz +y° = 1) = Xz + 2 - 1).

Then, let us derive the first order conditions

8—L = yz—2Mz— X =0

Ox

gj = zz-2My=0

oL

—_ = — A =

pp zy —A2=0
2yt =1
r+z=1

The second and third conditions imply
xz

2)\1 = —, /\2 =2y.
Y

By substituting into the first condition we obtain

2

vz —atz —xy? =0.

From the constraints we know: y? = 1 — 22 and z = 1 — z. Substitute in the above and
rearrange to obtain
(1—2)(1 -2 —32%) =0,

The quadratic equation has solutions

 —-1+V13
= T.

T
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Consequently the stationary points are

Py = (—0.7676, —0.6409, 1.7676) (A1, A2) = (1.0585,0.4920)
Py = (—0.7676,0.6409, 1.7676) (A1, A2) = (—1.0585, —0.4920)
P3 = (0.4343,—0.9008,0.5657) (A1, A2) = (—0.1364, —0.3912)

P, = (0.4343,0.9008, 0.5657) (A1, A2) = (0.1364,0.3912).

Note that there is a fifth solution to the equation above, i.e. x = 1 however this is not
admissible: indeed we would have y = z = 0 which means that A; is not defined.

Let us now consider the second order conditions, in order to classify the stationary points
obtained above. To begin with, let us derive the bordered Hessian matrix

-2\ z y —2xr -1

z —2X\1 x -2y O
HC = Yy T 0 0 -1
—2x -2y 0 0 0

-1 0 -1 0 0

We have 3 independent variables, i.e. n = 3, and 2 constraint, i.e. m = 2. Thus we need
to check n—m = 1 principal minor, which means we just need to compute the determinant
of the bordered Hessian in correspondence of the 4 stationary points obtained from the
FOC. The method of co-factors is applied here - or, use Matlab as this is a 5 X 5 matrix -
some software is needed. In either cases, we obtain

HL|p, = —16.3393 <0, and (—1)" = (—1)* = -1 <0,
HL|p, = 16.3393>0, and (—1)" = (-1)>=1> 0,
HL|p, = 7.3501>0, and (—1)" = (-1)? =1 >0,
HL|p, = -7.3501<0, and (—-1)" = (-1)* = -1 < 0.

By Theorem 32, P, and P, are the candidate constrained maximizers. To choose which
one, we need to evaluate the objective function in both points. So, for f(z,y,z2) = zyz,
we obtain

Py : f(—0.7676,—0.6409, 1.7676) = 0.8696; Py : £(0.4343,0.9008,0.5657) = 0.2213.

Therefore the local constrained maximum is obtained in P; and the optimum value of the
objective function is 0.8696.
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A note on the bordered Hessian In many textbooks the bordered Hessian is written as

0 — Gz —Gy

H‘C(xa:% )‘) = | =9z fx:p — Az fxy - )\gzy

=9y Joy — Aoy Tyy — Agyy

However, for the case of 2 independent variables and 1 constraint this formulation is completely
equivalent to the one provided in these lecture notes. Indeed, as we are required to compute
determinants, by properties of the determinant (see Section 2.2), we know that the determinant
does not change if we exchange first column 1 with column 2, then column 2 with column 3,
then row 1 with row 2, and finally row 2 with row 3.

For the more general case, we need to adjust the second order conditions in Theorem 32 as
follows.

2. The optimum x* is a point of (constrained) local maximum if the last n — m leading
principal minors of the bordered Hessian HL alternate in sign, with |HL| having the same
sign as (—1)".

3 The optimum x* is a point of (constrained) local minimum if |[HL| and the last n —m
leading principal minors of the bordered Hessian HL have the same sign as (—1)™.

4.3.3 Meaning of the Lagrange multiplier: the shadow price

Consider again the constrained optimization problem

max f(x) m}in f(x)

or
st g(x)=c st g(x)=c

Suppose the solution of this problem is given by the point (z*,3*). In general, (z*,y*) depend
on ¢, i.e. ¥ = x*(c) and y* = y*(c). We assume that these solutions are differentiable functions
of c. The associated value of f(z,y) is then also a function of ¢, i.e.

is the (optimal) value function for the problem. Of course, the associated value of the Lagrange
multiplier also depends on ¢, in general, so we write A\(c).
Now. Take the total differential of f*(c)

df*(c) = df (z* (), y"(¢)) = ful(a™(c), y"(c))da™ + fy (27 (), y" (¢))dy™

Due to the first order conditions, the above can be rewritten as

df*(c) = Aga(2™(c),y™(c))dz™ + Agy(x*(c), y"(c))dy”
= A(g2(27(c), ¥ (¢))da™ + gy(27(c), y"(c))dy")
= MAdc,
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where the last equality is due to the fact that in (z*, y*)

g9(z*(c),y"(c)) = ¢

and therefore

dg(z*(c),y*(c)) = g=(z*(c), y*(¢))dz* + gy(x*(c), y"(c))dy" = dc.

Thus, the Lagrange multiplier A = A(c) is the rate at which the optimal value of the objective
function changes with respect to changes in the constraint constant ¢. In particular, if dc is a
small change in ¢, then

ff(e+de) — f*(c) = A(c)de. (18)

In the context of economic and financial applications, ¢ often denotes the available stock of
some resource, and f(x,y) denotes utility or profit. Then, A(c)dc measures the approximate
change in utility or profit that can be obtained from dc units more. Therefore, A is known as
the shadow price of the resource - in this case the available total amount c.

If f*(¢) is the maximum profit when the resource input is ¢, then equation (18) says that A
quantifies the approximate increase in profit per unit increase in the resource.

Example 114 Consider once more Example 112. We obtained the optimal bundle at (z*, y*) =
(8,14) with A* = 4 and U(z*,y*) = U(8, 14) = 128 (see also Example 110). What would happen
if the constraint is relaxed as the available budget becomes 61 instead of 607 We could recalculate
the solution - we would obtain (**,y**) = (8.125,14.25) and U (z**,y**) = U(8.125,14.25) =
132.0313. Alternatively, we could look at the Lagrange multiplier: A* = 4. Based on equation
(18) we would approximate the improvement in the utility function to be A* x 1, i.e. 4, which
would bring the optimal utility value from 128 to 128 + 4 = 132. Not a bad approximation!
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5 A simple overview of Ordinary Differential Equations (ODEs)

A differential equation is an equation for an unknown function that contains not only the function
but also its derivatives. In general, the unknown function may depend on several variables and
the equation may include various partial derivatives - this is what is called a Partial Differential
Equation (PDE). Differential equations for a function of a single real variable are called Ordinary
Differential Equations (ODE).

A general form for ODEs is

F('r’ y? y,’ R y(n)) = 0’

where F' is a given function of n + 2 variables and y = y(x) is an unknown function of a real
variable z. The maximal order n of the derivative (™ in the above equation is called the order
of the ODE.

Differential equations arise in Finance in many applications. ODEs generally are key to
determine the characteristic function of affine models for stochastic volatility and interest rates.
PDEs instead arise in problems concerning the pricing and hedging of non-linear derivatives
contracts such as options. It has to be noted that in the majority of these applications, solutions
to O/PDEs can only be found numerically. Nevertheless, knowledge of the basics to solve simple
ODEs can prove very useful for tackling certain problems arising for example in Stochastic
Analysis. These are the cases of first order ODEs - linear and quasi linear - and are the ones we
focus on in this section.

5.1 First order linear ODEs

Consider the ODE of the form
Y +a(z)y = b(z) (19)

where a and b are given functions of z, defined on a certain interval I. This equation is called
linear because it depends linearly on y and 3’. In the case in which b(z) = 0, then the ODE
reduces to

vy +a(z)y=0

which is called homogeneous - this indicates that the ODE does not have terms which do not
contain y or 3. In contrast, the ODE (19) is called inhomogeneous.

Example 115 1. The ODE

/

Yy =Y

is a homogeneous first order linear ordinary differential equation. The above can be
alternatively written as

dy
dr Y
or, equivalently
dy = ydz.

2. The ODE
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is again a homogeneous first order linear ordinary differential equation. It could also be
interpreted as a first order PDE, by writing the above as

y+rz— = 0
ydr +xdy = 0.

The last equation above indicates that we are looking for a function F'(z,y) such that
Fy(z,y) =y and Fy(z,y) = .

The above examples suggest that in order to solve differential equations, we need to find primitive
functions. In other words, differential equations can be considered as shorthand notation for...
integrals! Like with integrals, we might have a family of solutions due to the presence of a
‘constant of integration’, and we could have ‘particular’ solutions if sufficient initial conditions
are specified to identify the value of such constant. This consideration leads to the following
formalization.

Let (z,y) € R?, and consider a function f with domain D € R? such that

y' = f(z,y). (20)
Then.

Definition 33 A real valued function y(zx) defined on an interval I € R, is called a particular
solution of (20) if y(z) is differentiable at any x € I, the point (z,y(x)) belongs to D for any
x € I and the identity y'(x) = f(x,y(x)) holds for all x € I.

The family of all particular solutions of (20) is called the general solution. The graph of a
particular solution is called an integral curve of the equation. Any integral curve is contained
in the domain D.

The ODEs in Example 115 show that direct application of integration might not be the
best way forward. In the following, we explore a few methods, which might have to be used in
combination with each other according to the given circumstances.

5.1.1 Solution of homogenous linear ODEs: Separation of variables

Consider a separable ODE, that is, an ODE of the form

Y = f(x)g(y). (21)

Clearly, homogenous first order linear ODEs are examples of separable ODEs. The class of
separable ODEs however is more general.
Any separable equation can be solved by means of the following theorem.

Theorem 34 (The method of separation of variables) Let f(x) and g(y) be continuous
functions on open intervals I and J, respectively, and assume that g(y) # 0 on J. Let F(x)
be a primitive function of f(x) on I and G(y) be a primitive function of 1/g(y) on J. Then a
function y defined on some subinterval of I, solves the differential equation (21) if and only if it
satisfies the identity

G(y(z)) = F(x) + C,

for all x in the domain of y, and C' a real constant.
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Example 116 Consider the ODEs from the previous Example 115.

1. The ODE
Y=y

is separable; in this case we have f(z) =1 and g(y) = y. Indeed we can literally separate
all terms in x and y on the two sides of the equality as

d—y:d:p.
Yy

- o

Iny =2+ C4, so that G(y) =lny, F(x) =z

Now, we integrate both sides, i.e.

From which we obtain

ie.
y=Ce®, C=e".

According to the value of the constant of integration C, we obtain a different particular
solution. Hence, we have obtained a family of solutions parametrized by C. This family
of solutions is represented in Figure 39 - top left hand side panel.

2. The ODE
y=—ay
is separable as well, as it can be written as
dy  dw
y oz

Integrating both sides returns
Iny=—Inz + Cy,

1.e.

C
, C=e"".

C
Yy=—
T

The family of solutions is represented in Figure 39 - top right hand side panel.

Example 117 Another example of separable ODE is given by

y' =1yl

which can be solved following the same reasoning to obtain

2/y=ax+Cfory>0 2/—y=—(z+C) fory <0.
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Figure 39: Integral curves of the family of solutions to the ODEs in Example 115-116 and Example 117.

The family of solutions is therefore given by

Hz+C)? z>-C

<
I
o

rx=-C
—txz+0)? z<-C

The corresponding integral curves are given in Figure 39 - bottom panel. This ODE albeit
separable is obviously not linear.

5.1.2 Solution of inhomogenous linear ODESs: integrating factor

The solution to the more general case of inhomogenous ODEs requires more structure. A useful
technique is based on the so-called integrating factor.
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An integrating factor is a function ¢(z) by which an ordinary differential equation can be
multiplied in order to make it integrable. Finding such a function is not always trivial and
requires plenty of practice. A good starting point in the case of linear ODEs is the solution to
the corresponding homogenous ODE.

Let us consider again the inhomogenous linear ODE (19)

y' +a(z)y = b();
its corresponding homogenous ODE is
v +a(x)y =0.
By separating variables the above can be rewritten as

dy _

—a(x)dx,
y (z)

consequently
Iny=—-A(x)+Cy, Ax) = /a(m)dw.
The solution to the homogenous equation is therefore
§=Ce 4@

(observe that this solution is denoted ¢ to remind ourselves that this is NOT the solution to the
original inhomogenous ODE).
In such a case, the integrating factor can be obtained as

2 = 90
T
ie. o) — A

We use this integrating factor to build an auxiliary function F'(x) defined as

If we have chosen ¢(x) correctly, we should be able to obtain y(z) from F(x). Of course at this
stage we do not know the form of F(z), but we can obtain its derivative, which might be easier

to integrate than 3. Let us see.
dF
— = F A@)y !
7 a@)p @)+ Ay

now substitute the expression of ¥’ to obtain

F
W = @) (@) + A 0 — ala)y),
which implies

dF(z) = e*@b(z)dz.
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Now we can integrate both sides to obtain

i.e.

y(z) = e~ 4@ /eA(x)b(x)da?.

We observe that if we multiply the given ODE
y' +a(z)y = b(x)
by the integrating factor eA(®) we obtain
AWy + APa(a)y = A@b(a).

Keeping in mind the chain rule for differentiation, we recognize on the left hand side the
derivative of eA(x)y(x). Therefore we integrate. This is indeed the scope of the integrating
factor.

As a final note: we need to get used to the idea of solutions which might not be in closed
form, as the above integral might not be solved analytically. This is not necessarily an issue, as
we can use suitable numerical schemes to obtain values out of this expression anyhow.

Example 118 Consider the ODE
2

Jo¥ e
x

in the domain z > 0. Let us build the integrating factor by first solving the homogeneous
equation

which is separable as it can be written as

y__2

Y T
i.e.

dy _ _dx

Y oz

with solution §(x) = C/x. The integrating factor is therefore ¢(x) = =z, and the auxiliary
function is F'(z) = zy(x) with differential

dFCw::yC@dx%—x<éﬁ——y$»>dx.

By integration, we obtain the solution
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5.2 First order quasi-linear ODEs

Quasi-linear ODEs have the form

a(z,y) +b(z,y)y =0

and they are called quasi-linear because they are linear with respect to ¢’ but not necessarily
linear with respect to y, as the functions a(x,y) and b(x,y) are not necessarily linear. All we
are asking is that these functions are continuously differentiable. This also implies that these
ODEs are not necessarily separable, although homogenous.

Example 119 1. The ODE
2zy + (2% +y*)y' =0

is quasi-linear and non separable.

2. The ODE
r_ Yy

4 Tz Aoy

is quasi-linear and non separable.

These ODEs are more complex to solve due to the lack of separability of the variables, which
makes the identification of the integrating factor more tricky. However, we could try to rewrite
the ODE as if it were a PDE and try then to identify the total differential of some solution
function F'(z,y). To be more clear, let us proceed in steps as follows.

Start from the general ODE

a(x,y) +b(z,y)y =0

and rewrite it as p
Yy
9 b ) - = Oa
a(z,y) + b(z,y)
which leads to

a(z,y)dz + b(z, y)dy = 0.
If the solution function F'(x,y) is such that

oF oF
Fx(x,y) = % = a<x7y)7 Fy<x7y) = ﬁiy = b(x,y),

then we can recover F' from the (partial) integration of the functions a(x,y) and b(z,y). Note
though that this is possible only if

da  0b
as we need to ensure that the Schwarz’s theorem is satisfied. In this case we say that the
differential form

dF (z,y) = a(x,y)dz + b(x, y)dy

is exact, and inexact otherwise. This is summarised in the following result.

Theorem 35 (The Poincaré lemma) Let a, b be continuously differentiable functions such
that a, = by. Then the differential form a(x,y)dx + b(z,y)dy is exact.
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Thus, exact forms can be solved by integration. What about the inexact ones? We need
to find a suitable integrating factor which renders the quasi-linear ODE exact, i.e. integrable.
Unfortunately, this might not be always immediate. Let us reconsider Example 119.

Example 120 1. We have seen before that the ODE
2y + (2% +y2)y' =0
is quasi-linear and non separable. Let us rewrite the ODE as
2zydr + (22 + y*)dy = 0.

Then, we would have
a(z,y) =2zy, b(z,y) = a® + 4>

We note that
ay = 2x = by,

thus, this is an exact form which we can solve by integration. We can proceed as follows.
As F,, = a, then

F(z,y) = /a(w,y)dx +9(y).

In our case
F(z,y) = 2y/:vdw +9(y) = 2%y + g(y).

Now, we find g(y) by matching the partial derivative Fy, with b(z,y), i.e.
Fy=2+4'(y) = 2* + y* = b(,y).

This implies that

_¥v
Finally, the solution we are looking for is
3
2 Y
2
7y + 3
2. The ODE
y— Y
T+ 4x3y

is quasi-linear and non separable. However, this is not exact. Let us verify this statement.
First we write the ODE in ‘differential’ format

—ydx + (x + 42%y)dy = 0,

so that a(z,y) = y and b(z,y) = = + 42y. Therefore, the Poincaré conditions are clearly
violated as

However, we could manipulate the ODE as follows

1
—ydx + 22 <:E + 4y> dy = 0,
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Figure 40: Integral curves of the family of solutions to the ODEs in Example 120.

and observe that
01 Yy — 1
or x y= x2’

This seems to suggest that a good integrating factor could be 1/22, as in this case the
ODE would then read

1
L+ ( + 4y> dy = 0,
X T

0 ( Y ) 1

oy \ 22/ 2’
In other words, we have now an exact form for a(x,y) = —y/x? and b(z,y) = 1/z + 4y.
We can now integrate using the same procedure as in the previous example to obtain

and

Y

T2 =C.
x

The general solutions for both ODEs are given in Figure 40.
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Part 11
Probability and Statistics
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6 The basic framework: the probability space. Describing a
random experiment

Imagine a random experiment like the toss of a coin or the prices of securities traded in the
market in the next period of time. Imagine that we want to explore the features of this random
experiment in order to make appropriate and informed decisions. These features could be: the
expected price of the security tomorrow, or its volatility; the characteristics of the tails of the
price distribution (if for example you need to calculate some risk measure such as VaR, or
shortfall expectation).

In order to be able to do all this, we need appropriate tools describing the random experiment
in such a way that we can extract all this information, i.e. we need a mathematical model of
the random experiment. This is represented by the so-called probability space.

Definition 36 (Probability space) We denote the probability space by the triplet
0:= (Q,F P).
A probability space can be considered as a mathematical model of a random experiment.

This definition is telling us that the probability space is made up of three building blocks,
which we are going to explore one by one.

The first piece of the probability space is €2, which represents our sample space, i.e. the set
of all possible outcomes of random experiment.

Example 121 Let the random experiment be defined as: choose a number from the unit interval
[0,1]. Then @ ={w:0<w <1} =[0,1].

Example 122 Assume now that the random experiment you are interested into is the evolution
of a stock price over an infinite time horizon, when only 2 states of nature can occur, i.e. up or
down. Then €2 = the set of all infinite sequences of ups and downs = {w : wjwaws...} , where wy,
is the result at the n-th period.

The second object you need in order to have a probability space is IF which is called o-algebra.
The o-algebra of a random experiment can be interpreted as the collection of all possible histories
of the random experiment itself. Formally, it is defined as follows.

Definition 37 (c-algebra) Given a set €2, a collection F of subsets of Q is a o-algebra if
1. o €F

2. A €F implies A€ F

3. {Apn} € F implies |J Am € F (infinite union).
m=1

Example 123 1. F = {@,Q} is a o-algebra

2. Consider some event A C 2. Then the o-algebra generated by A is F = {@,Q, A, A}.
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3. Consider the sample space defined above for the evolution of the stock price in a 2-state
economy, i.e. ) = the set of infinite sequences of ups and downs, and define

Ay = {w:w =U}
Ap = {w:w;=D}.

The o-algebra generated by these two sets is
FY = {2,0, Ay, Ap}.
Now consider the sets

Ay = {w:wi =U,wy =U}
Aup = {w:wi =U,wy =D}
Apy = {w:wi=D,wy =U}
App = {w:wi =D,wy=D}.

Then

F(Q) = {gaQaAUUvAUDaADUaADD7A%]U7ACUD7A%U7ACDD7AU7AD7
Avu | JApu, Avu | JApp, Apu | JAvp, Avp UADD}

is the corresponding o-algebra.

Every o-algebra has a set of properties that will be useful in the future.

Theorem 38 The o-algebra has the following properties
1. QeF.

2. {Apn} € F implies (| Am €F.
m=1

An important c-algebra is the Borel o-algebra (on R), which is the smallest o-algebra
containing all open sets (or, equivalently, all closed sets) on the real line.

The last element of our probability space is represented by the symbol P. This is called
probability measure, and you can consider it as a sort of ‘metrics’, that measures the likelihood
of a specific event or story of the random experiment.

Definition 39 A probability measure P is a set function P: F — [0, 1] such that
1.P(Q)=1

2. For any sequence of disjoint events {Am} P (U, Am) = > o1 P(An).

m=1
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Based on this definition, you can show that
P(g) = 0

IP’(AUB> = P(A)+P(B);
P(A°) = 1-P(A).

Moreover, we can define independent events: two events, A and B, are independent if and only
ifP(ANB)=P(A)P(B).

Example 124 Consider the previous example of the evolution of the stock price over an infinite
time horizon, so that Q = {w : wiwows...}, and Ay = {w: w1 = U}, Ap = {w: w1 = D}. Assume
that the different up/down movements at each time step are independent, and let

P(Ay) =p;P(Ap) =q=1—p.

Then
P(Ayy) = p*P(Aup) = P(Apy) = pg; P (App) = ¢*

Further, P (A¢,;) = 1 — p?; similarly, you can calculate the probability of each other set in F®.
Moreover, if Aypy = {w : w1 = U,wy = U, w3 = U}, you can calculate that P (Ayyy) = p®. And
so on. Hence, in the limit you can conclude that the probability of the sequence UUU... is zero.
The same applies for example to the sequence UDU D...; in fact this sequence is the intersection
of the sequences U, UD, UDU, .... From this example, we can conclude that every single infinite
sequence of movements in ) has probability zero.

In the previous example, we have shown that
[P (every movement is up) = 0;

this implies that this event is sure not to happen. Similarly, since the above is true, we are sure
to get at least one down movement in the sequence, although we do not know exactly when
in the sequence. Because of this fact, and the fact that the infinite sequence UUU... is in the
sample space (which means that still is a possible outcome), mathematicians have come up with
a somehow strange way of saying: we will get at least one down movement almost surely.

Definition 40 Let (2, F,P) be a probability space. If A CF is such that

we say that the event A occurs almost surely (a.s.).

Now, in order to introduce the next definition, consider the following simple example. Assume
that you want to measure the length of a room, and assume you express this measure in meters
and centimeters. It turns out that the room is 4.30m. long. Now assume that you want to
change the reference system and express the length of the room in terms of feet and inches.
Then, the room is 14ft. long. But in the process of switching from one reference system to the
other, the room did not change: it did not shrink; it did not expand. The same applies to events
and probability measures. The idea is given in the following.
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Definition 41 (Absolutely continuous/equivalent probability measure) Given two probability
measures P and P*defined on the same o-algebra F, then.

i) P is absolutely continuous with respect to P*, i.e. P << P*, if P(A) = 0 whenever,
P* (A) = OVA € F.

it) If P << P* and also P* << P, then P ~ P*, i.e. P and P* are equivalent measures. Thus,
for P ~ P* the following statements are equivalent.
-P(A) =0« P*(A) =0 (same null sets)
-P(A) =1 P*(A) =1 (same a.s. sets)
-P(A) >0« P*(A) >0 (same sets of positive measures)

Example 125 Asrandom experiment of reference, consider rolling a die. Suppose we have three
different ‘metrics’ to measure the probability of the outcome of this experiment as described in
the following table.

Table 6: Die outcomes and probabilities in Example 125.

z 1 2 3 4 5 6

P pz(z)|1/6 1/6 1/6 1/6 1/6 1/6
P pz(z) | 1/21 2/21 3/21 4/21 5/21 6/21

P* py(2) | 0 1/3 0 1/3 0 1/3

In the above, the first row shows a metrics under which the die is fair; the second row returns
a metrics which calculates probabilities as proportional to the outcomes; the third row instead
uses a metrics which assigns equal probabilities only to even numbers. Using the given definition
we notice the following.

P(A) = 0= P*(A) = 0 but P* (4) = 0% P(4) =0,

and therefore P ~ P*, i.e. the two probabilities are not equivalent. The probabilities P and P
are instead equivalent.

As there is a conversion factor that helps you to switch between meters and feet, so that
4.30m = 14ft, there is also a conversion factor between probability measures. The idea can
be shown in relatively simple terms once we know better random variables and their related
distribution. So, for now we take a leave from changes of measures and we will discuss it again
later in this section.
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7 Random variables

So far, we have considered random events, like and up or down movement in the stock price
over the next period of time, and the likelihood of such events to occur, as described by the
probability measure. The next step in which you might be interested is to ‘quantify’ the outcome
of the random event, for example you might want to know how much the stock price is going
to change if an up or down movement is going to occur in the next time period. In order to do
this, you need the idea of random variable.

Definition 42 (Random variable) Let (2, F,P) be a probability space. A random variable X
is a function X : Q@ — R such that {w € Q| X (w) <z} eF VreR.

Note that if B is any subset of the Borel g-algebra B, i.e. B is a set of the form B =
(—o00,x] Vo € R, then Definition 42 implies that X! (B) € F Vo € R. In other words, any
random variable is a numerical quantity whose value is determined by the random experiment
of choosing some w € ).

Example 126 Consider once again the random experiment of the evolution of the stock price
over an infinite time horizon in a 2-state economy, described in Example 123.3. Let us define
the stock prices by the formula

So(w) = 4
[ 8 ifwy =up
Sl (w) =
2 if w1 = down
.
16 if wg =wy =up
S (w) = 4 if wy # we
1 if wy = wy = down.

\

So (w),S1 (w),S2 (w) are random variables, assigning a numerical value to each sequence of up
and down movements in the stock price at each time period. Example 124 tells us how to
calculate the probability that the random variable S takes any of these values; for example

P(S1(w)=8) = P(Av)=p;
P (S (w)=4) = IP(ADUUAUD>:2pq.

The above Example shows that we can associate to any random variable another function
measuring the likelihood of the outcomes. This is what we call the law of X. Precisely, by law
of X we mean a probability measure on (R,B), Lx : B — [0, 1] such that

Lx (B)=P(X € B) VBCB.

In general, we prefer to speak in terms of distribution of a random wvariable; this is a function
Fx :R — [0, 1] defined as

Fx(a)=P(X < a)=P(w: X (w) <a).
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This is the law of X for any set B of the form B = (—o0,al, i.e. Fx (a) = Lx (—00,a]. In
some special cases, we can describe the distribution function of a random variable X in even
more details. The first case is the case of a discrete random wvariable, like the one introduced in
Example 126, which assigns lumps of mass to events. For this random variable, we can express
the distribution function as

Fx(a)=P(X < a)= ) px(z),
X<a
where px (z) is the probability mass function of X.

Example 127 The binomial random variable X ~ B (n, p) is a discrete random variable defined
by the probability mass function function

If instead the random variable X spreads the mass continuously over the real line, then we
have a continuous random variable and

Fx(a)=P(X < a):/a fx (x) dx, (22)

where fx () denotes the density function of X.
Example 128 The normal (or Gaussian) random variable X ~ N (u,0?) is a continuous
random variable defined by the density function

_(@=w)?
(& 202

oV 2T ’

Note. It is often convenient to work in terms of the standard normal random variable Z ~
N(0,1); this is possible via the standardization of the random variable X by setting

X —p

g

fx(z) =

Z:

7

from the properties of the normal distribution it follows that Z indeed has zero mean and unit
variance. Alternatively, you can write X = u+ oZ. It follows from standardization that

P(X<z) = P(p+oZ<x)

— P(ng_“>
o
or, equivalently, by substitution

T oeT 202
P(X <z) = / ——dy
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The Gaussian distribution is one of the fundamental building block in Quantitative Finance,
especially as it serves as the basis for constructing other distributions which better capture
the stylised empirical features of financial markets. Examples of distributions which can be
recovered via transformations of the Gaussian distribution are the log-normal distribution and
the chi-square distribution (central and non central). Specifically, X is log-normal distributed
with parameters p,o? if X = e¥, for Y ~ N(u,02). The chi-square distribution instead
originates from the sum of n Gaussian distributed random variables. If these have all zero
mean and unit variance, we obtain the central chi-square random variable with n degrees of
freedom. If instead the Gaussian random variables which are summed have non-zero mean and
non-unit variance, we obtain the non-central chi-square.

Another useful way of constructing distributions via the Gaussian one is to use mean-variance
mixtures. Formally, a normal variance-mean mixture with mixing probability density ¢ is the
continuous probability distribution of a random variable Y of the form

Y =a+ 8V +oVVX

for a, 8 € R, 0 > 0, and random variables X and V are independent, X ~ N(0,1), and V
is continuously distributed on the positive half-axis with probability density function g. The
conditional distribution of Y given V is thus a normal distribution with mean o + SV and
variance 02V. Classical examples are the t-distribution (for 3 = 0), the Variance Gamma
distribution and the Normal Inverse Gaussian distribution. In these cases, the mixing random
variable V is given by the inverse gamma, the gamma, and the inverse Gaussian respectively.

We note the following: it is more useful to remember how certain random variables are
constructed rather than knowing directly their density function. By knowing the construction,
we can deduce many properties directly from the Gaussian distribution.

Remark 16 (A matter of notation) From equation (22), we see that we could write the

density function as
_dFx  dP(w)

fx(x) = T = ds Va € R.

The expectation E of a random variable X on (2, F,P) is then defined as
oo
E(X) = /X(w)d]P’(w) = / xdFx (x).

Q —0o0
The expectation returns the mean of the distribution; you might be also interested in the
dispersion around the mean, this feature is described by the variance of a random variable.
Further features that characterize the distribution of a random variable are the skewness (degree
of asymmetry) and the kurtosis (behaviour of the tails). These features are described by

the moments (from the mean) of a random variable which can be recovered via the moment
generating function of the random variable itself. This is explored in details in the next section.

7.1 Moments, Cumulants and the Generating Functions - a reminder

The Moment Generating Function (MGF) is defined as follows.

(e 9]

Mx(k) =E (ekX> - / FT Ry ().

—0o0
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As the name of this function suggests, it can be used to study the distribution features
of random variables as it helps to quickly recover the relevant moments. In more details, we
distinguish between.

e The raw moments of the random variable X, which are defined as
pn = E(X"),
and which can be recovered by direct differentiation of the MGF as

0" Mx

k=0

Proof. Let us use the Taylor expansion of the exponential function to rewrite the MGF

Mx(k) = E(Z (kf!)n>

n=0

oo

= Y ()
n=0

= 1+kE(X)+%k2IE(X2)+....

First order differentiation of the above with respect to k returns

oM
— X (k) = E(X) + kE (X?) +...;
ok
second order differentiation of the above with respect to k returns
0?>M
o (B) =E(X?) + kB (X%) + ..,

and so on. The required results follows setting £ = 0 in the above. ®

e The central moments of the random variable X, defined as
my, =E[(X —E(X))"] n > 2.
The central moments can be easily obtained from the cumulants which are defined as

_ 0"In My
=~

Cn .
k=0

Proof. First order differentiation of In Mx (k) returns

8111MX o 1 8MX .
ar F) = MX(k)W( )

setting k£ = 0 returns the first order cumulant which coincides with the mean. Second
order differentiation returns

921ln M [ OM 2 1 9°M
sz(k) = —Mx(k)~2 (J(@) al

) ok K
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setting k = 0 returns —E(X)? +E(X?), i.e. the variance. The higher order cumulants can
be obtained following the same procedure. m

In particular, the following identities hold.
c1 = E (X)
o = El(x —E(X))z} = Var(X) = ma

[
¢ = E [(X - IE(X))?’} = ms
[

o = Ef(x - E(X))ﬂ — 3Var?(X) = my — 3m2.

The skewness and the kurtosis of the distribution of a random variable are measured respectively
by the index of skewness

€3
"= 3753
2
and by the index of excess kurtosis
C4
Y2 = C% .

The distribution of a random variable is said to be asymmetric to the left if v; < 0, symmetric
if 71 = 0, and asymmetric to the right otherwise. It is platikurtic if vo < 0, mesokurtic if v5 = 0
and leptokurtic otherwise.

As the following example shows, the Gaussian distribution is both symmetric and mesokurtic.
If any other random variable is, for example, leptokurtic, it means that the tails of its distribution
are thicker than the ones of the Gaussian random variable. Therefore, ‘extreme’ events are more
likely than in the Gaussian case.

Example 129 Few (and very important, as we will use them throughout the entire year)
examples of random variables.

1. As already seen before, the normal (or Gaussian) random variable X ~ N (M,U2) is a
continuous random variable defined by the density function

_(a=pw)?

€ 202

oV 2m ’

fx(z) =

You can easily show that

k252
2 .

E(X) = u;Var(X) = 0% c3 =0=cy; Mx(k) = T
2. The Poisson random variable is an example of discrete random variable. More precisely, a
Poisson random variable N ~ Poi()\), with rate A has probability mass

e\
n!

pn(n) =
from which it follows that
E(N)=AXA=Var(N)=c3=cs; Mn(k)= M),

Hence the Poisson distribution is asymmetric to the right and leptokurtic.
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3. Assume X ~ I'(a, ), @ > 0. Then X is a non-negative random variable which follows a
gamma distribution; its density function is given by

f (SL‘) — F(la))\axoc—le—)\ac’

where I' (o) is the gamma function, which is defined as

and has the property that
Fa)=T(a—1)(a—1).

This means that
I'a)=(a—1)!

where « is a positive integer. The MGF of X is

Mx (k) = F(la))\o‘/o 20 e AR g,

Set y = x (A — k), then

=g [ (7) e ()

Note that if @« = 1, then X follows an exponential distribution with rate A. Using the
MGF you can show that the gamma random variable has mean p = «/A and variance
v = a/A%. The parameter « is the shape parameter, whilst \ is the scale parameter. You
can also show that the gamma random variable is asymmetric to the right and leptokurtic.

Exercise 1 Verify the results presented in the previous example.

Exercise 2 The binomial random variable X ~ B (n,p) is a discrete random variable defined
by the probability mass function function

1. Show that the MGF of the binomial random variable is
n
(peh +1- p) .
2. Using the MGF given above, deduce that X has mean equal to np and variance equal to
np(1 —p).

3. Study the behaviour of the indices of skewness and excess kurtosis when the number of
trials n increases to infinity.
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Example 130 Let {Z;},_; , ~ N(0,1) be a sequence of i.i.d. random variables. The (central)
chi-square random variable with n degrees of freedom is defined as

We note that

1 22
E(ekZZ) = /6k226_2d2
R V21

= (1—2k)72

where the penultimate equality follows by substituting x = z1/1 — 2k. Therefore, using independence
of the random variables Z;

E<ekY> _ E(6k2?2123>
~ [IE(#)

i=1
= (1-2k)"/?

where the last equality follows from the fact that the Z; are identically distributed. Thus, we
have deduced the MGF of the chi-square distribution with n degrees of freedom.
Now assume a sequence of i.i.d. random variables {X;},_; , ~ N(\;, 1) and build the random

variable .
Y =) X7
i=1

Then Y follows a non-central chi-square distribution with n degrees of freedom and parameter
of non centrality A = >, )\?. Following the same steps as above we can first prove that

E (ek)g?) —(1- 2k>71/26k>\§/(172k),

and then deduce that the MGF of Y is (1 — 2k)~"™/2¢#/(1=2k) Al the moments can then be
deduced by direct differentiation.

Exercise 3 Assume a sequence of i.i.d. random variables {X;},_; . ~ N(ui, 0?) and build
the random variable N
Y =) X/
i=1

Show that this random variable is equivalent to a rescaled non-central chi square random variable
with n degrees of freedom, parameter of non-centrality A = > ; AZ, for A\; = y; /0. The rescaling
factor is 0. (Hint: derive the MGF).
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Example 131 Let us consider the case of the random variable X which is log-normal distributed
with parameters i, 02. This means that X = e¥, for Y ~ N(p,0?). The mean can be deduced
easily using the MGF of Y as

[’2
E(Y)=E (") =e'"2.
The higher order moments of the log-normal random variable can be deduced in the same

manner.

Moment generating functions suffer the disadvantage that the integrals which define them
may not always be finite.

Example 132 A Cauchy random variable X has density function
1
flz) = ) z €R.
Hence the MGF of X is given by
oo ok
Mx (k) = /_OO mda:.

This is an improper integral of the 1% kind which does not converge unless k& = 0 (which of
course is a ‘nonsense’...) In fact, if you perform the convergence test, you obtain that

ek .
T o 1 0 ifk<O
li ﬂ(llﬂf) °=2 7 im b =
T—r00 = T—r00
(z) T 0o if k>0,
e 1 0 ifk>0
lim ﬂ(llﬂf) a=2 lim e =
—— Ex ——
= (3) e s if k <O0.

Hence, the MGF of a Cauchy random variable does not exist.

Characteristic functions are another class of functions equally useful and whose finiteness is
guaranteed (so you might actually want to say that they are more useful than MGFs...).

Definition 43 The characteristic function of X is the function ¢x : R — C defined by
fori=+/—1.

This is a common transformation and is often called the Fourier transform of the density f
of X if this quantity exists. In this case

ox (u) = [ by (@) = [ ¢ pla)da.

The characteristic function of a random variable has several nice properties. Firstly it always
exists and it is finite (in L'): note that

ox (u) =FE (ei“X) = E (cos (uX) + isin (uX)),
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hence?
|cos (uX) + isin (uX)] := \/cos (uX)? + sin (uX)? = 1.
Then
B (¢)] < E (je]) = 1.
Moreover.

- There is bijection between cumulative distribution functions/probability density function
and characteristic functions: two distinct probability distributions never share the same
characteristic function.

- if X and Y are independent random variables, ¢x+y (u) = ¢x (u) ¢y (u);

-ifa,b€Rand Y = aX + b, then ¢y (u) = eox (au).

Examples of characteristic functions * Calculations of integrals involving complex numbers
are not always pleasant; usually you should know about contour integration... but for our
purposes you can get away with only knowing about analytic continuation.

Analytic continuation provides a way of extending the domain over which a complex function
is defined. Let us start from a complez function f (like the characteristic function); this function
is complex differentiable at zy and has derivative A if and only if

f(z)=f(20)+A(z—2)+o0(z—2), VzeC.

A complex function is said to be analytic on a region D if it is complex differentiable at every
point in D (i.e. has no singularities, i.e. points at which the function ‘blows up’ or becomes
degenerate). Now, let f; and fs be analytic functions on domains D; and Dy respectively, with
Dy C Dg, such that fi = fo on Di()Da. Then fs is called the analytic continuation of fi to
D5y. Moreover, if it exists, the analytic continuation of f; to Do is unique.

Consider now the MGF Mx of some random variable X; we can say that the function

MX(z):/Oof(:L‘)ezwdx zeC

is the analytic continuation of Mx to the complex plane, if it respects the condition above.
Then, the characteristic function of X, ¢x, is the restriction of M x to the imaginary axis, i.e.

ox (u) = Mx (iu)

Example 133 1. Let X ~ N (0,1). The characteristic function is

1 o ux a?
bx (u) or /_ N
Now consider the real valued function
k2

1 o o2
MX (]C) = \/%/ €km_7d$ = 67,
—00

2Note that this is the complex square of the complex number z = cos (uX) +isin (uX), and you can interpret
the notation as a norm.
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i.e. the MGF of X. Since R(C #0), then Mx has analytic continuation on the complex
plane given by

22

1 & 22
Mx (z)—\/%/ T Tdr=e? z e C.

Therefore, by analytic continuation

w2

ox (u) = Mx (iu) =€ 2.

2. Let X be a Poisson random variable with rate u. You can apply the same argument as
above (i.e. analytic continuation) to show that

bx (u) = My (iu) = ™).
3. Consider now the gamma distribution. Analytic continuation implies that

bx (u) = (A_/\w>a-

4. Assume X is a Cauchy random variable, i.e.

1

= Ty

We cannot use the analytic continuation argument because the function is not analytic
(can you spot why?). The CF exists anyhow and is equal to

dx (u) = e 1",

However, to prove the result you need to use contour integration and the residue theorem
- which are beyond the scope of this module.

Similarly to the MGF, the characteristic function can be used to obtain the raw moments
and the central moments of a random variable. In particular, the following hold.

iy = I éx (u>

ou™ w0
-n . 0" In (bX
e = (u) .

(the proof follows the same steps as in the case in which the MGF is used).

7.2 Changing measures

In the following we conclude our excursus in changes of measures. As discussed in the previous
sections, we have different metrics to quantify, or ‘measure’, the likelihood of random events.
How do we switch from one to the other? How do obtain our ‘conversion factor’?
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Suppose the random variable X has density function fx(-) under the measure P and fx()
under an equivalent measure P. Let A := {X < z}. Then.

P(A) = /A fx(x)dx

= / fx(x)fx($§d$
A ~

Ix(z
fx ()
2 Ix@) X

= E(y(X)1a).

for v(z) = fx(z)/fx(z). This random variable y(z) is the conversion factor and is known as
the Radon-Nikodym derivative; if we look at it very carefully, we recognize a likelihood ratio.
Let us illustrate the concept in the following Example.

Example 134 Consider a closed interval [a,b], for 0 < a < b < 1 and consider the experiment
of choosing a number from this interval. Suppose we have the following two metrics on the
interval [a,b], 0 <a<b<1

P (the number chosen is in [a,b]) = Pla,b]:=b—a

P* (the number chosen is in [a,b]) = P*[a,b] :=b* — a®.

We could be more specific and say that

b
Pla,b] = /dm;
b
P* [a,b] = /Qxda;.

The last equation is implying that v(z) = 2z. Indeed, in this example we have that our random
variable X follows the standard Uniform distribution, so that fx(x) = 1, whilst fx(z) = 2.

The above example shows that the distribution of the random variable can change under a
measure change.

Changes of probability are the cornerstone of Mathematical Finance as they allow us to price
derivative instruments by defining the framework of risk neutral valuation; they also allow us
to simplify significantly the complexity of the calculations for the price and the greeks of some
derivative instruments via the change of numeraire. Changes of probability are also fundamental
in Computational Finance, as they underpin variance reduction techniques such as Importance
Sampling. The random variable v(z) in this context takes the name of importance weight.
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8 Conditional expectation

At the beginning of this section, we talked about the problem of setting up a mathematical
model of a random experiment, in order to support our decision process. Specifically, we talked
about informed decisions, and we have seen that information in the probability space is captured
by the o-algebra. Then, in the previous section, we have seen how to quantify a random event
by using random variables.

Now, assume as always that some random experiment is performed, whose outcome is some
w € . Imagine that we are given some information, in the form of a sub-g-algebra of F say G,
about this possible outcome, not enough to know the precise value of w, but enough to narrow
down the possibilities. Then, we can use this information to estimate, although not precisely,
the value of the random variable X (w). Such an estimate is represented by the conditional
expectation of X given G.

In order to understand the definition of conditional expectation, we need to familiarize first
with the indicator function. Precisely, we use the notation 14 for

1 fwe A
1a(w) =

0 otherwise

Hence 14 is a random variable which follows a Bernoulli distribution, taking values 1 with
probability P(A), and 0 with probability P(A€). Hence E(14) = P(A). Properties of the
indicator function are listed below.

1. 14+ 140 = 1404 =1 =1;
2. 1anp = 14lpB.
Now, we are ready for the following.

Definition 44 (Axiomatic definition-Kolmogorov) Let (Q,F,P) be a probability space and
X a random variable with E|X| < co. Let G be a sub o-algebra of F. Then the random variable
Y =E (X |G) is the conditional expectation of X with respect to G if

i)Y eG
ii) E|Y| < o0

iti) VA€ G E(Y14) = E(X14), ice. [YdP = [ XdP.
A A

The idea is that, if X and G are somehow connected, we can expect the information contained
in G to reduce our uncertainty about X. In other words, we can better predict X with the help
of G. In fact, Definition 44 is telling us that, although the estimate of X based on G is itself a
random variable, the value of the estimate E [X |G| can be determined from the information in
G (property 1). Further, Y is an unbiased estimator of X (property 3 with A = Q).
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Example 135 Consider once again the stock price evolution described in Example 126. Suppose
you are told that the outcome of the first stock price movement is ‘up’. You can now use this
information to estimate the value of Ss

E (S5 () [up) = 12p + 4.
In this case, G = Ay. Similarly,
E (S2 (w) |[down) = 3p + 1,
and G = Ap.
Exercise 4 Question: what is
E(S2 (w) |G = Ayp)?
Theorem 45 The conditional expectation has the following properties.
1. E[E(X|G)] =E[X], i.e. E[Y]=E[X].
2. If G={0,Q} (smallest o-algebra), E[X |G| = E[X].
3. IfG=F, E[X|G]=X.
4. If X e G, E[X|G]=X.
5. If Ze€G, thenE[ZX |G] = ZE[X |G] = ZY.
6. Let Go C G, E[E(X |G)|Go] =E[X |Go].
7. Let Go C G, E[E (X |Gy) |G] =E[X |Go].
8. If X is independent of G, then E[X |G] = E[X].
9. Jensen’s inequality. g (E(X |G)) <E(g9(X)|G) for all convex functions g.

Example 136 Let X, Xo, ... be identically distributed random variables with mean p, and let
N be a random variable taking values in the non-negative integers and independent of the Xj.
Let S = X1+ Xs+...4+ X . Suppose that you need to calculate the mean of the random variable
S. Well, calculations here are not straightforward, since S is a random sum: the number of terms
in the sum, in fact, depends on N, which is not known. For this reason you cannot apply the
additive property of the expectation. The conditional expectation, though, gives you the way
forward: assume that you know the value of N, then, given this knowledge, the mean of S is
easy to obtain.

E(S|IN) = E(X1+Xo+ ...+ XN|N)

- ]E<ZZ:;XZ- Nzn)

= uN.
Now, what you have obtained depends on N, so all what you have left to do is to average (again),
this time with respect to N, and remember property 1.

E(S) = E[E (S| N)] = E (uN) = uE (V)
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Example 137 Consider a Normal mean-variance mixture Y = p + 8V + oV Z, for Z ~
N(0,1) and V some non-negative continuous random variable. We can now obtain the moment
generating function using the properties of the conditional expectation. The key observation is
that conditioned on the value that V can take, Y follows a Gaussian distribution with given
mean and variance.

B() = E(E(der )

— R (e(kﬁ+k202/2)V>
= MR (ehv>

for h = kB +k?0? /2. Hence, by conditioning we reduce the problem of obtaining the MGF for Y’
to the MGF of V. Once we define the distribution of the mixing random variable V', we know its
MGF and from there we can deduce the MGF of Y. For example, suppose V ~ Gamma(a, A).

From Example 129, we know that
)\ [0
()~ ()"
‘ A—h

B (M) =t ()\ — kB ° k:?a?/z)a'

Similar calculations lead to the MGF of the Normal inverse Gaussian distribution (NIG) and the
t-distribution (although for the latter one, we need to know more about transcendental functions
such as the Bessel function of the third kind).

therefore

Properties of the conditional expectation *: Proof. One by one.

1. Check point 3 in definition 44 for A = Q (remember that Q € G ...): E[Y1q] = E[X1g]
but 1Q =1.

2. Check point 3 in definition 44. For A = (), we have

/YdIP’:/XdIF’:()
0 0

E[X1q] = E[X]
E[E(X)1q] = E[X]

For A =0

in virtue of property 1. Hence both sides return E [X].
3. Verify definition 44 on X for G = F.

(a) X € F because it is F-measurable by definition of random variable.
(b) E|X| < oo by assumption (axiomatic definition).
(c) E(X14)=E(X14)VA€g.
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In this case you have available the entire “history” of X. Hence you know everything and
therefore there is no uncertainty left.

If X € G, then we go back to the same situation as depicted in (3).

We prove this property for the simple case of an indicator function; hence, assume Z = 1
for some B € G; then condition 3 in definition 44 reads

VAe g E(ZX14) =E(X14lp) =E(X1anB)-
But VAN B € G, condition 3 implies
E(X1ang) =E(Y1lang) =E(Y1alp) =E(ZY1y,).

The extension to the case of a more general random variable relies on the construction of
a random variable as the limit of the sum of indicator functions. However, this is out of
the grasp of this unit.

Let Y =E[X|G] and Z = E[X|Gy]. If A € Gy, then E(Z14) =E (X14), but since Gy C G,
A € G as well, and by definition E (Y14) = E(X14). Therefore E(Z14) =E (Y14)VA €
Go-

Let Z = E[X|Gy], then Z € Gy. Since Gy C G, it follows that Z € G. Therefore
E[Z|G] = Z.

VAeG:E(X14)=E(X)E(14) =E[E(X) 14].
A (differentiable) function is convex if it lies above all of its tangents i.e.
9(x) = 9(y) +9' (W) (= - y).

Set © = X and y = E(X|G) and substitute in the above expression. Then take again
conditional expectation with respect to G to obtain

E(g(X)|G) = g(E(X]G))+ g [E(X|G)(E(X|G)-E(X]G))

due to the measurability of E ( X|G). The statement then follows.

Exercise 5 We define the conditional covariance between two random variables X and Y given
a o-algebra F by

Cov(X,Y|F) = E[(X — E(X[F))(Y — E(Y|F))|F].

Show the law of total covariance.

Cov (X,Y) =E[Cov(X,Y|F)] + Cov [E(X|F), E(Y|F)].

Now deduce the law of total variance.
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